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Abstract

We study the relation between strategic complementarities and aggregate persistence in
linear-quadratic mean field games with interactions in states and actions. The frame-
work provides local approximations to common macroeconomic problems, including
capital accumulation and multiproduct pricing. We show that the equilibrium aggre-
gate dynamics coincide with those of a single-agent linear-quadratic control problem in
which state and action curvatures are adjusted for strategic interactions. This result
gives conditions for equilibrium existence, establishes uniqueness, and links strategic in-
teractions to aggregate adjustment. We establish conditions under which stronger state
complementarities increase persistence, while stronger action complementarities reduce
it, even in multidimensional problems whose underlying matrices are not simultaneously
diagonalizable. Under these conditions, internalizing state complementarities makes the
utilitarian planner’s allocation more persistent, while internalizing action complemen-
tarities makes it less persistent. With common shocks, we give conditions under which
individual and aggregate dynamics can be combined to identify strategic interactions
and model parameters. Finally, we extend the analysis to interactions through higher
moments of the state distribution.
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1 Introduction

Strategic complementarities are a common source of amplification and persistence in macroe-
conomic models. In dynamic environments with many interacting agents, however, it is not
immediate how the strength of these complementarities maps into aggregate adjustment,
how they affect the planner’s allocation, or what can be learned about them from individual
and aggregate data. Equilibrium dynamics combine the adjustment inherent in each agent’s
problem with the feedback that operates through aggregate states and actions. We study
these forces in a tractable class of linear-quadratic mean field games (LQ MFGs), which
provide a local approximation to many standard problems in macroeconomics.

We study a continuum of infinitesimal agents who choose actions that affect the drift of
an individual state. Agents face idiosyncratic shocks, and we later allow for aggregate shocks.
Payoffs depend on the agent’s own state and action and on the corresponding cross-sectional
averages. Given paths for the aggregate state and aggregate action, each agent solves a
linear-quadratic control problem in which these aggregates enter through cross terms with
her own state and action. As in familiar games, such as monopolistic competition, each
agent takes aggregate objects as given when making her decision. Equilibrium requires indi-
vidual optimality and consistency between the conjectured aggregate paths and those implied
by the cross-sectional distribution. The cross derivatives between individual and aggregate
states and actions determine whether each interaction exhibits strategic complementarity or
substitutability.

Our first result reduces the equilibrium problem to a familiar single-agent control problem.
Given paths for the aggregate state and aggregate action, the individual value function is
quadratic in the individual state, and aggregating optimal policies gives a finite-dimensional
state—costate system. Once equilibrium consistency is imposed, the aggregate dynamics are
characterized by the algebraic Riccati equation of a single-agent linear-quadratic regulator,
with the state and action curvature matrices ) and I' replaced by () + ©x and ' + O 4.
Strategic interactions therefore enter the equilibrium by changing the effective curvature of
states and actions, without changing the structure of the control problem that determines
aggregate dynamics.

This result allows us to bring standard tools from linear-quadratic control directly to
the equilibrium problem. We use them to establish uniqueness, derive conditions for exis-
tence, and characterize comparative statics of equilibrium dynamics. There is at most one
equilibrium whose closed-loop matrix, which governs aggregate dynamics, has eigenvalues
with real parts below p/2, where p is the discount rate. Using the associated Hamiltonian

matrix, we derive a necessary condition for existence and a convenient sufficient condition.



In one dimension, the strict version of the necessary condition is also sufficient and gives
an explicit threshold involving both state and action interactions. Existence is distinct from
convergence: the eigenvalue restriction allows an equilibrium path to grow, provided that it
does so slowly enough to satisfy the model’s discounted integrability conditions.

We next study how strategic interactions affect aggregate persistence. Under our suffi-
cient conditions for existence, stronger complementarity in either states or actions makes the
stabilizing Riccati solution less negative definite, holding the rest of the model fixed. Their
effects on aggregate dynamics nevertheless differ: stronger state complementarity raises the
trace of the closed-loop matrix, while stronger action complementarity lowers it. In stable
equilibria, state complementarity therefore slows the contraction of the volume of a set of
initial aggregate states, while action complementarity speeds it up. These comparisons do
not require the underlying matrices to be simultaneously diagonalizable, but they do not
order every eigenvalue. A two-dimensional counterexample shows that individual eigenval-
ues can move in opposite directions. We then give additional conditions under which the
comparison holds for every eigenvalue: a symmetry restriction on the transformed drift is
sufficient for state interactions, while an exogenous drift matrix proportional to the identity
gives closed-form eigenvalues and comparative statics for both interactions. Under the latter
restriction, stronger state complementarities make every mode of a stable equilibrium more
persistent, as agents have less incentive to return to steady state while others remain away
from it. Stronger action complementarities have the opposite effect, encouraging agents to
adjust when others do.

We use two examples to show how the interaction terms arise in familiar economic envi-
ronments and how the general results help interpret their dynamics. The first is an industry
equilibrium with capital accumulation. Decreasing returns and CES demand generate strate-
gic complementarity in states, while an upward-sloping supply of investment goods generates
strategic substitutability in actions. The second is a multiproduct price-setting model with
CES demand within stores, Kimball demand across stores, and Rotemberg adjustment costs,
a structure commonly used in macroeconomics. In this case, the matrix of static best re-
sponses is generally not symmetric when products have different expenditure shares, but the
interaction matrix that enters the equilibrium problem is symmetric. The example also shows
that the superelasticity of demand affects both the curvature of the firm’s own problem and
the strength of strategic complementarity, but cancels from the effective curvature governing
equilibrium dynamics. Thus, stronger static complementarity need not imply greater aggre-
gate persistence. More generally, the effect of a change in demand or adjustment costs on
aggregate persistence depends on how it changes the adjusted curvature matrices () + Ox

and I' 4+ © z, rather than on its effect on the interaction terms or static best responses alone.



We then turn to the utilitarian planner. The planner internalizes the effect of each agent’s
state and action on the corresponding aggregates. With symmetric interaction matrices, the
planner’s problem has the same structure as the decentralized equilibrium, except that both
interaction terms are doubled. The comparative statics for aggregate adjustment therefore
carry over directly, with the same qualifications as in the decentralized economy. Internalizing
state complementarities makes the planner’s allocation more persistent, while internalizing
action complementarities makes it less persistent. When both interactions are present, these
effects work in opposite directions, so the overall comparison between planner and equilibrium
dynamics is generally ambiguous.

We next introduce aggregate shocks and use the recursive formulation to study identifica-
tion. With common noise, the value function depends on both the individual and aggregate
states, but the Riccati equation governing aggregate dynamics is unchanged. Writing the
individual state as the sum of the aggregate state and a deviation from the cross-sectional
mean separates aggregate from idiosyncratic dynamics. The law of motion for the devia-
tion, and the corresponding action net of its cross-sectional average, do not depend on either
interaction matrix. Thus, removing aggregate variation from individual states and actions
also removes the information needed to identify strategic interactions. In contrast, aggre-
gate dynamics do contain information about these interactions. We show how aggregate and
individual dynamics can be combined to identify the state interaction and other parame-
ters of the model. The state and action interaction matrices, however, cannot be separately
identified without an additional normalization or outside information.

Finally, we extend the analysis to interactions through an arbitrary finite number of mo-
ments of the state distribution. For simplicity, we consider a one-dimensional state and allow
payoffs to depend on the moments of its cross-sectional distribution. Around a symmetric
zero-mean invariant distribution, the local dynamics retain the structure of the scalar bench-
mark. The coefficients on odd moments affect local persistence through a single effective
interaction term, while the coefficients on even moments can affect transitional dynamics
without changing the local eigenvalues. Because the weights on the odd-moment interactions
depend on the invariant distribution, idiosyncratic risk can also affect aggregate persistence.
The framework can also accommodate exogenous forcing processes, which we develop in the

appendix.

Literature Review The mean field games framework developed by Lasry and Lions (2007)
has advanced the study of dynamic games with a continuum of agents. Their formulation
consists of two coupled partial differential equations: a Hamilton—Jacobi—Bellman equation

for individual optimization and a Kolmogorov forward equation for the evolution of the



state distribution. This approach makes it possible to analyze individual decisions and the
evolution of the entire cross section within the same system. Achdou, Han, Lasry, Lions and
Moll (2017) use this formulation to study income and wealth distribution in heterogeneous-
agent macroeconomic models. Several contributions in mathematics study linear-quadratic
mean field games. Caines (2009) provides an early overview of this literature. Bardi (2012)
studies linear-quadratic N-person games and their mean field limit with ergodic costs in a
one-dimensional setting. The paper characterizes stationary equilibria through an algebraic
Riccati equation, allowing for both strategic substitutability and complementarity. Bardi
and Priuli (2014) extend several of these results to the n-dimensional case. Tchuendom
(2018) studies how common noise can restore uniqueness in a class of linear-quadratic mean
field games. Bensoussan, Sung, Yam and Yung (2016) analyze equilibrium existence and
uniqueness and compare mean field games with mean field control problems, while Huang and
Yang (2021) study linear-quadratic mean field social optimization. Part of our equilibrium
characterization builds on this literature, particularly the reduction of equilibrium to an
algebraic Riccati equation. Our use of linear-quadratic methods to study dynamic economic
models also builds on Hansen and Sargent (2013). We adapt classical results from linear-
quadratic control in the undiscounted setting, notably those of Kucera (1973) and Wimmer
(1985), to derive conditions for equilibrium existence and uniqueness and comparative statics
for the stabilizing solution.

We make four contributions to this literature. First, we distinguish interactions in states
from interactions in actions and establish conditions under which they have opposite effects
on aggregate persistence. In multiple dimensions, we separate results for volume contraction
from stronger comparisons of individual eigenvalues. These results do not require simultane-
ous diagonalization, and the equilibrium characterization does not rely on the Lasry—Lions
monotonicity condition. Second, the same characterization allows us to compare decentral-
ized and planner adjustment. Third, we show why demeaned states and actions contain
no information about either interaction matrix and give conditions for identification using
individual and aggregate data, given a normalization of the action interaction. Fourth, we
extend the local analysis to higher-moment coupling and show how it allows idiosyncratic
risk to affect aggregate persistence.

Our economic applications relate to work on strategic complementarities arising from
pecuniary externalities (Acemoglu, 1996) and technological externalities (Baxter and King,
1991; Romer, 1986; Cooper and John, 1988). Related work studies how strategic comple-
mentarities can generate aggregate fluctuations (Kaplan and Menzio, 2016). The capital-
accumulation example distinguishes interactions through the return to holding capital from

interactions through the cost of investment. The latter have an empirical counterpart in



Goolsbee (1998), who documents that investment incentives raise capital-goods prices. In
our example, an upward-sloping supply of investment goods generates strategic substitutabil-
ity in actions. We show how this interaction affects industry dynamics, separately from the
adjustment costs faced by individual firms.

The pricing example combines two commonly used ingredients in macroeconomic models:
Kimball demand and Rotemberg adjustment costs (Kimball, 1995; Rotemberg, 1982); see, for
example, Santoro and Viviano (2022) for a model using both. Closely related to our analysis,
Alvarez, Lippi and Souganidis (2023) study price setting with strategic complementarities as
a mean field game. We study smooth rather than lumpy adjustment and characterize equilib-
rium dynamics through adjusted state and action curvatures. Klenow and Willis (2016) and
Burstein and Hellwig (2007) study pricing complementarities and monetary propagation,
while Baqaee, Farhi and Sangani (2024) emphasize heterogeneous markups, pass-through,
and reallocation. Afrouzi and Yang (2021) use a dynamic linear-quadratic-Gaussian frame-
work to study pricing and monetary propagation under rational inattention. The multiprod-
uct setting also relates to models of joint price adjustment (Midrigan, 2009; Alvarez and
Lippi, 2014; Blanco, Boar, Jones and Midrigan, 2025, 2026). In the multiproduct applica-
tion, we show that even when static best responses are nonsymmetric, the payoft interaction
matrix is symmetric, so our characterization still applies. We also show that stronger static
pricing complementarities need not imply greater persistence: the superelasticity changes
both individual curvature and the interaction term but cancels from @ + ©Ox.

Our identification results relate to the missing-intercept problem in using cross-sectional
evidence to study aggregate effects. Chodorow-Reich (2020) discusses why cross-regional es-
timates need not recover aggregate effects when shocks generate spillovers across regions or
induce responses in national variables. Beraja, Hurst and Ospina (2019) show how regional
and aggregate data can be combined to discipline a macroeconomic model, while Wolf (2023)
gives conditions under which aggregate evidence recovers general-equilibrium effects absent
from cross-sectional estimates. In our model, the distinction between individual adjustment
and aggregate feedback makes clear what is lost when common variation is removed: neither
interaction matrix enters the dynamics of demeaned states and actions. We then give condi-
tions under which individual and aggregate dynamics can be combined to identify the state
interaction and other parameters of the model.

The rest of the paper is organized as follows. Section 2 presents the model without aggre-
gate shocks, and Section 3 develops the capital-accumulation and multiproduct price-setting
examples. Section 4 characterizes equilibrium and studies existence, uniqueness, and aggre-
gate persistence. Section 5 studies the utilitarian planner’s problem. Section 6 introduces

aggregate shocks, and Section 7 uses the recursive equilibrium to study identification. Sec-



tion 8 extends the analysis to interactions through higher moments of the state distribution.
Section 9 concludes. The appendix contains proofs, additional derivations, and an extension

with exogenous forcing processes.

2 Mean Field Game Setup without Aggregate Shocks

We formulate the model in multiple dimensions for two reasons. First, it maps naturally
into many problems in macroeconomics and international economics, in which firms set sev-
eral prices, accumulate different types of capital, or allocate activity across locations. These
decisions are interrelated through returns, adjustment costs, and strategic interactions, and
the matrices governing these links need not be simultaneously diagonalizable. As a result,
adjustment involves not only how fast aggregate activity changes, but also how it is real-
located across dimensions and whether different combinations of states adjust at different
speeds. Second, the multidimensional case highlights the tractability of our framework. The
linear-quadratic structure allows us to retain these cross-dimensional links while character-
izing equilibrium with finite-dimensional matrix equations rather than solving over a large
state space.

Let x € R™ denote the individual state and a € R¥ the individual action, with cross-
sectional averages X € R" and A € R*. We assume that the period return is quadratic in

the individual and aggregate states and actions:

F(z,X)+ R(o, A) = —32'Qx — X'Oxx — 30T — A'O 51, (1)
X = /xm(x) dx, A = /a*(x)m(x) dx.

The density m describes the cross-sectional distribution of states, and «a, denotes the optimal
policy. The matrices () and ©x are n x n, while I' and © 7 are k x k; @) and ' govern the
curvature of individual returns, and Oy and O the interactions with the corresponding

cross-sectional averages. The state follows

dz = p(x,a)dt + $Y2dW = (Ba — Az)dt + $Y2dW,

so the drift is linear in (z,«a), where A is n x n, B is n X k, and W is an n-dimensional
standard Brownian motion with instantaneous variance matrix 3.!

The agent discounts at rate p > 0. Taking paths {X(s), A(s)}s>+ as given, her value

LAt several points below, we use the scalar case to make the intuition behind the main results easier to
follow. In the scalar case, we specialize ton =k =1 and write Q =q, A=a, B=b,1T =+, Ox =0x, and
O =04. We assume v+ 6057 > 0.



function u : R® x R, — R is given by

u(z,t) = max /too e PETORE [F(x(s), X (5)) + R(a(s), A(s)) | z(t) = z] ds

{a(s):s>t}

subject to  dx(s) = (Ba(s) — Ax(s))ds + XY2dW (s).
We maintain the following assumptions.

Assumptions AM.
1. p>0;
2. @ and I'" are positive definite and X is positive semi-definite;
3. B has full row rank, so B['"'B’ is invertible; and
4. Ox and © 4 are symmetric.

These conditions imply detectability and stabilizability for the uncoupled problem.

PROPOSITION 1. Under Assumptions AM, the pair (Q, —A — £1,,) is detectable and the pair
(BI~'/2,—A — L1,,) is stabilizable. Hence, when ©x = ©7 = 0, the single-agent problem

has a unique finite time-invariant quadratic value function.

Strategic Complementarity and Substitutability. From equation (1), the cross deriva-
tive between own and aggregate states is —Ox, and the cross derivative between own and
aggregate actions is —0© 7. We say that states are strategic complements when —O y is pos-
itive definite and strategic substitutes when it is negative definite. Likewise, we say that
actions are strategic complements when —O 7 is positive definite and strategic substitutes
when it is negative definite. Thus, in the Loewner order, a decrease in either interaction
matrix represents greater strategic complementarity, while an increase represents greater
strategic substitutability.?

We note that the Lasry—Lions monotonicity condition for the state coupling used in Mean
Field Games is equivalent to —©x being negative semi-definite. Our uniqueness result below
does not require this condition. In the linear-quadratic environment considered here, there

is at most one admissible equilibrium even when states are strategic complements.

2The Loewner partial order compares matrices by saying that ©; is larger than O, if 2'©12 > 2’/0,x for
all nonzero vectors z.



MFG as Coupled P.D.E.’s. The HJB equation implied by the optimality of the value

function is given by
pu(z,t) = —12'Qr — X (t)Oxa + H(uy(z,t), 2, A(t)) + 5 tr(Suge (2, 1) + wy(z,t).  (2)
where the Hamiltonian H : R?" x R* — R is given by:

H(p,z, A) = max {R(a, A) + p'(Ba — Az)} = max {—3a'Ta — A'© za + p'(Ba — Az)}

a€Rk acRk
(3)

The variable p is the marginal value of the state, and «.(p, A ) denotes the maximizing action.
Note that, by the envelope theorem, the drift is given by the derivative of the Hamiltonian

evaluated at the optimal action:

:u (Of(p,ﬂ),l’) - Hp(p,x,ﬂ) .

The same optimal drift determines how the cross-sectional distribution evolves. Denoting

the density of z at time ¢ by m(x,t), the Kolmogorov forward equation is
my(z,t) = — div(Hy(ug(x,t), x, A(t))m(x, 1)) + 5 tr(S mg, (2, 1)),

with m(x,0) = mo(x). The compact notation for divergence div means:

div(H,(u, (2, 1), 2, A(t))/m Z o Ho (s (1), A (). )

where each H,,(-) is the derivative of the Hamiltonian with respect to p; and where
tr(X myq(x,t)) ZZJUmIZ% x,t)
=1 j=1

The aggregate consistency conditions are
X(t) = /xm(x,t)dx, A(t) = /Cz*(ux(x,t),ﬂ(t))m(x,t)d:c forallt > 0. (4)

The aggregate paths taken as given in the individual problem must therefore coincide with
those generated by optimal behavior and the resulting cross-sectional distribution. We state
the standard definition of an equilibrium as a forward-backward system of value function,

density, and their consistency conditions.



DEFINITION 1. An equilibrium for the Mean Field Game given my is a (finite) value func-
tion v and a density m for all ¢, x, and time paths for X and A satisfying equation (2)—
equation (4), the initial condition, and the boundary conditions stated in Appendix A.1.

3 Examples

In this section, we show how the linear-quadratic structure arises in familiar economic prob-
lems. The first example is one-dimensional and features strategic complementarity in states
together with strategic substitutability in actions. The second is a multidimensional model
of multiproduct pricing that can feature either strategic complementarity or substitutability
in states. This example also shows that, even though the problem is not symmetric, the

relevant matrix ©x is symmetric.

3.1 Capital Accumulation in an Industry Equilibrium

Consider a continuum of monopolistically competitive firms. A firm with capital k produces
k¥, where 0 < v < 1. A constant-returns sector aggregates differentiated goods with elasticity
of substitution n > 1. If all other firms have capital K, the focal firm’s operating profit, in

units of the numeraire, is proportional to
II(k, K) = k*U- 1/ Rgvi, (5)

Capital evolves according to
dk = (1 — 0k)dt + kadW.

The firm chooses investment ¢, capital depreciates at rate 9, and o is the volatility of the
shocks. The firm purchases investment at price P(1), where [ is aggregate investment, and

pays the convex adjustment cost ¥ (7). Aggregate investment is

I(t) = /i*(k;,t)m(k:,t)dk.
The firm’s HJB is

pV (k. t) = max TI(k, K (1)) — i®P(I(t)) — (i) + Vi(k,1)(i — k)
+ 120 Vig (k, t) + Vi(k, t).



Let i = 6k denote the deterministic steady-state level of investment, normalize P (i) = 1

and ¢'(i) = 0, and define percentage deviations

k—k K—k i— 0k I — 0k
= — X = — = — ﬂ = —.
TR Eo YT ok ok
A second-order approximation of returns around (k, K,i,I) = (k,k,i,4) has the form in

equation (1). Terms that depend only on aggregate variables do not affect the firm’s choices,
while the linear terms are absorbed by the steady-state conditions and the linear part of
the value function (see Appendix A.3). Normalizing the objective by II(k, k), the scalar

coefficients are

2T (k, B) R (R, F)
= ———=-= s HX = T )
I(k, k) I(k, k)
52k (5%) S22 (%)
=7 Qﬂ - 7
(k. %) (k. 7)

The normalized state equation is dx = §(ov — x)dt + odW to first order, so a = b = § in the

scalar notation used below. Direct differentiation of equation (5) gives

n—1
1=V (m(l—=v)+v)>0,
— 12
by = 12
non
q—l—QX:n_ v(l1—v)>0

Higher aggregate capital raises the marginal return to a firm’s own capital, generating state
complementarity. This interaction partly offsets the curvature of individual profits, but
decreasing returns keep g+ 0x positive. If the supply of investment goods is upward sloping,
greater investment by other firms raises the price the firm pays to invest. This generates
substitutability in action through 6 7 > 0. This example shows that in a simple well-studied
economic problem strategic complementarity in states and substitutability in actions arise

naturally.

3.2 Multiproduct Price Setting with Kimball Demand

In this example there is a continuum of firms, denoted as “stores” which compete by setting

prices of n products. Each store sells n products with constant marginal costs z;. Products
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within a store are aggregated with a CES price index

n 1/(1—nq)
) = (zp) |
j=1

so conditional product demand is proportional to w;(p;/a(p))~". Across stores, demand is

generated by a symmetric Kimball aggregator C satisfying

1 Cs
1—/T(—>ds, >0 T <O0.
0 C

The index s denotes a store, C'* is consumption of its composite good, and C is aggregate
consumption. Let p be the store’s price vector and P the common price vector of other stores.

Profits are proportional to

G P) = 30, — 2 (L) 0 (42, ©)

where d(y) =y~ and
D(y) = (Y')"(yT'(9))-

Define the store-demand elasticity np(y) = —yD’(y)/D(y), and let 7p and 77}, denote its level
and derivative at y = 1. The flexible-price equilibrium satisfies
___ 1p

Pi = Zi—

— =1,...
77D_1’ ¢ ) » T

with 7p > 1. Let 2 and X denote log deviations of p and P from p, and let II(x, X) denote

equation (6) expressed in these deviations. The state curvature and interaction matrices are

1 0%11(0,0) _ 1 9%I(0,0)

= —— 5 @ = =
“ 11(0,0) Oxdw Y7 U (0,0) 020X

Writing §; for the steady-state expenditure share and s for the associated column vector gives

=/

Q= (7p —1) [(nD — iy —D 1) 55 + mdiag(si)} ,

Np —

R
Ox = —1pss,

Q+Ox = (7p — 1) [(7Ip — 74)55' + 7ja diag(5;)] .

11



The matrix @ is positive definite if and only if 7}, /7p > 1 — fjp. The matrix Oy is negative
semi-definite when 775, > 0 and positive semi-definite when 77}, < 0. By contrast, Q) + O is

positive definite and independent of 77;,. The static best response has derivative

Mo
oxrs(X np — 1)n
xz( ) — _j (nD _/>?7D , Z,j = 1,...,71.
an 1_|_ Ubs)
(np — 1)7p

The matrix above need not be symmetric and, in general, is not symmetric when products
have different expenditure shares. Importantly, both its sign and the sign of @ x depend on

the superelasticity, while the effective curvature ()40 x, which will determine the equilibrium

9z} (X)
0X;

the interaction matrix Oy is always symmetric. This distinction will be important for the

Riccati equation, does not. At the same time, although is generally nonsymmetric,

equilibrium analysis, since the symmetry required by our general results applies to O, not
Oz (X)

to %, We return to the role of Q + O after deriving the equilibrium characterization.
Details of the multiproduct derivation are in Appendix D.

Finally, in this example stores have to pay quadratic “Rotemberg” adjustment costs to
change prices. Thus, «; is simply the percentage (log) change in the price of product i. The
matrix [' allows the Rotemberg price adjustment cost to depend on individual product prices
as well as on bundles of products. Adjustment costs that depend on bundles are important
in Midrigan (2009), Alvarez and Lippi (2014), and Blanco, Boar, Jones and Midrigan (2024).
We can incorporate non-zero cost inflation by letting the matrix A be diagonal, with inflation
on its diagonal. In this example, there is no aggregate-action interaction, so © z = 0. The
use of Kimball demand in price-setting models is quite common because strategic comple-
mentarity can generate additional propagation, as in Dotsey and King (2005), Smets and
Wouters (2007), Klenow and Willis (2016), and Alvarez, Lippi and Souganidis (2023), with
some models featuring state-dependent price adjustment and others time-dependent price

adjustment. We return to this property after deriving one of our main results.

4 Analysis of the MFG without Aggregate Shocks

We first solve the agent’s problem for given paths of the aggregate state and aggregate action.
We then aggregate the optimal decision rules and characterize an equilibrium as a saddle path
of a finite-dimensional dynamical system. The resulting Riccati equation makes clear how

the two forms of interaction affect equilibrium dynamics.
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4.1 The Individual Problem and Aggregation

For later use, the Hamiltonian in equation (3) can be written explicitly.

LEMMA 1. Hamiltonian. For p € R",

a.(p, A) =T (Bp - O02A),
H(p,x, A) = 5 (B'p—O024) T~ (B'p = ©34) — § ( Az + 2’ A'p),
H,(p,x,A) = BT " (B'p — ©4A) — Ax.

Given paths {X(t), A(t)}+>0, the individual problem is a time-varying linear-quadratic reg-

ulator. The value function is therefore quadratic in x:

u(z,t) = Bo(t) + Si(t)'w + 22/ Bs(t), (7)

where [35(t) is symmetric. Substituting equation (7) into the HJB and matching the constant,

linear, and quadratic terms gives

Bo = pBo — L (B'B1 —0©24) T (BB — ©27) — Ltr(25), (8)
B = (pl, + A')B1 + OxX — 3BT 'B'B + ,BI 'O 4.4, (9)
Bo=Q — BoBT ™ BBy + Bo A+ A'By + pPo. (10)

Equation (10) is autonomous and does not depend on either interaction matrix. Thus, this
is also the solution of the stationary L(Q agent problem, where the only concave solution is
the stationary minimal solution to this Riccati equation, which we denote by ;. Since the

agent problem is also concave, this must then be the same solution, i.e. 35(t) = 5.

PROPOSITION 2. In any equilibrium, (5(t) = B3, for all t > 0, where [3, is the unique negative

definite solution of

BoBI'B'By = Q + pBa + B2 A+ A'Bs. (11)

Notice that equation (11) does not depend on either interaction matrix. Taking the
aggregate paths as given, strategic interactions affect () but not the curvature of the value
function, B,. Thus, B, governs individual adjustment relative to the aggregate, while the

interaction terms enter when we impose the equilibrium consistency conditions.
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The optimal action is
au(z,t) = TV [B' (1) + o) — ©2A(1)] .

Integrating this expression with respect to m(x,t) and using the consistency condition for

aggregate actions yields
A(t) =T +6x)" B (Ai(t) + BX1). (12)

where we assume that I' + O 7 is invertible. Equation (12) shows how the action interaction
enters the aggregate problem. At the individual level, I' governs the curvature of the action
cost and © 7 governs the response to the aggregate action. Imposing consistency on aggregate

actions combines the two into the effective curvature I' + O 7.

PROPOSITION 3. Assume I' + © 7 is invertible. Then f;(f) must satisfy the following linear
o.d.e. given a path {X(¢)}:

Bi(t) = (pI, + A — B [B(T +©.2) ' B']) Ai(t)
+ [Ox + B2 (BI'B' — [B(I' + ©.2) ' B]) 3] X(1).

Next we obtain a constant coefficient o.d.e. for X (¢) given the path of {£;(¢)}.

PROPOSITION 4. Assume I' + O 7 is invertible. Then X (¢) must satisfy the following linear
o.d.e. given a path {£1(t)}:

X(t)= [BO+02) 7 'B]A(t)+ (—A+ [BIT +602)"'B'] B2) X(t).

An informal derivation of this equation is as follows. Start with the individual law of
motion dx(t) = [Ba(z,t) — Ax(t)] dt + X2dW and integrate across agents using the density
m(z,t). By a law of large numbers, the idiosyncratic dWW terms average to zero. Using
the definitions of X () as the average state and A (t) as the average optimal action gives
X(t) = BA(t) — AX (t). Substituting the expression A (t) = (I'+© ) ' B’ (Bi(t) + B2X (1))
obtained above yields the desired equation. We give a rigorous proof using the Kolmogorov
forward equation in the appendix.

We can collect the two o.d.e.’s obtained in Proposition 3 and Proposition 4 into a 2n
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system of constant coefficient o.d.e’s which has the interpretation of a state—costate system:

A b
X x|
(13)
This o.d.e. system has the initial condition X (0) = [ zm(z,0)dz, but no initial condition

pl, + A — Bg [B(F + @ﬂ)ilB/] Ox + BQ(BI—PIB/ — [B(F + @ﬂ)ilB/])Bz
[B(F—l—@ﬂ)_lB/} —A+ [B(F—i—@j{)_lB/] Bg

-~
t

for 51(0). Indeed, /51 must be solved for as a function of X. In particular, once (31, X) and
A have been found, equation (8) determines . The eigenvalues associated with the relevant
solution of equation (13) must have real parts below p/2 so that the discounted value [y(t)
is finite. We turn to this next, but first note a result about the eigenvalues of # .

Because Ox, BI''B’, and [B(I'+ © ) "'B'] are symmetric, # — £1,, is a Hamiltonian

matrix. The eigenvalues of # are therefore symmetric around p/2.

ProPOSITION 5. If ) is an eigenvalue of #, then p — A\, A\*; and p — A* are also eigenvalues,

where * denotes complex conjugation.

This proposition shows that there is at most one equilibrium, as we will see below. This

is a well-known result; see Lancaster and Rodman (1995).

4.2 The Equilibrium Riccati Equation

We now describe the equilibrium. Given the state—costate nature of the o.d.e. in equa-
tion (13), we are looking for a “saddle path” that makes f; a linear function of X. Thus, we
look for a matrix S such that $;(t) = SX(t) and hence £;(t) = SX(t). Substituting these

two expressions into equation (13), we obtain that S satisfies

S[B(L+0©x) 'B']S=S8SA+AS+pS+06x
—S[BT'+64)'B]|p— B [BL+04)'B]S
+ B> (BT 'B' — [B(T +©4) ' B']) B (14)

This is a complicated quadratic matrix equation in .S, some of whose coefficients depend on

[y, which is itself the solution of an algebraic Riccati equation. Nevertheless, define

Combining equation (14) with the single-agent Riccati equation (11) gives the following

proposition, which has a much simpler expression.
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PROPOSITION 6. An equilibrium for the MFG is given by a matrix P solving
P[BIT+04) 'B|P=Q+0Ox+pP+PA+ AP (15)
with the associated law of motion of the aggregate state given by

X=({J+G)X=([BI+6,)'B]P~-AX, where (16)
G=BI"'B'By—A, J=[BIT+06,) 'B]S+ ([BI+6x)'B]—-BI"'B)p.

The equilibrium requires that all the eigenvalues of J + G have real part smaller than p/2.3

Since the aggregate dynamics are linear and homogeneous, X = 0 is always a steady
state. A nonzero steady state requires the closed-loop matrix J 4+ G to be singular. Thus,
generically, the origin is the unique steady state.

The Riccati structure allows us to use standard results on existence and comparative
statics. If Ox = ©4 = 0, then S = 0 and P = (. The Riccati equation for f,, with
associated law of motion GG, describes individual adjustment in the absence of strategic inter-
actions, while the equation for P, with associated law of motion J + G, describes aggregate
equilibrium adjustment. Thus, J captures the additional feedback generated by strategic
interactions, separating the adjustment inherent in the individual problem from equilibrium
feedback. Comparing equation (11) and equation (15) shows that the two Riccati equations
have the same form, with ) and I' replaced in equilibrium by the adjusted curvatures ()40 x

and I' + © 7. This gives the following result.

PrRoOPOSITION 7. The equilibrium of a Mean Field Game with interaction terms © x and © 4
and its law of motion correspond to a single agent decision problem where the curvature on
the period return function is given by () + © x instead of (), and where the curvature on the

actions is given by I' + © 7 instead of T'.

The multiproduct price-setting example provides a useful illustration. The superelasticity
affects both the curvature of the store’s own problem, ), and the strength of the strategic
interaction, ©x. These effects enter with opposite signs, so the superelasticity drops out of
their sum, Q+0 x, which is the curvature relevant for equilibrium dynamics. This cancellation

holds for the class of Kimball demand considered here, rather than only for a particular

3In the scalar case, the Riccati equation is quadratic in p: 7-1;72:91272 =q+0x + (p+ 2a)p. When an
equilibrium exists, exactly one of its two roots gives an eigenvalue below p/2. For this root, the aggregate

. . 2 | b%(g+9
eigenvalue is A = § — \/(g +a)” + %'
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parameterization. Changes in the superelasticity therefore differ from changes in © x holding
Q@ fixed: with the remaining parameters fixed, static pricing complementarity can change

without changing aggregate persistence.

ProPOSITION 8. There is at most one equilibrium for the Linear Quadratic Mean Field

Game.

This is a consequence of Proposition 5. As is well known from the theory of algebraic
Riccati equations, the eigenvalues of the closed-loop matrix .JJ + G correspond to eigenvalues
of the matrix #¢, as in the classical result of Theorem 7.1.2 in Lancaster and Rodman (1995).
Thus, regardless of whether there is strategic complementarity, a linear-quadratic mean field
game has at most one equilibrium. There may nevertheless be no equilibrium, a topic to
which we turn next.

The associated existence conditions can be stated directly in terms of equation (15).
Define

E=Q+0x+ (A +2L) [BC+6,)"'B] " (A+LL,). (17)

PROPOSITION 9. Suppose B(I' + © 7)~' B’ is positive definite.

1. A necessary condition for an equilibrium is that £ in equation (17) be positive semi-
definite.

2. If Q + Oy is positive definite, an equilibrium exists and is unique.

In the scalar case, an equilibrium exists if and only if the strict scalar version of the necessary

condition holds.*

Some remarks are in order. The condition that E in equation (17) be positive semi-
definite puts a limit on the degree of strategic complementarity in states and actions, i.e.
on “how” negative definite O x and © 7 can be. Moreover, strategic substitutability in one
interaction can compensate for strategic complementarity in the other, since £ contains one
term involving © x and another involving © 7.

The first condition, i.e. the condition on £, is not sufficient in general dimensions: one
can construct a two-dimensional example in which F is positive definite but the Hamiltonian
matrix has no admissible n-dimensional invariant subspace. The sufficient condition is par-
ticularly convenient: it requires positive effective curvature in states and actions, Q+©x = 0
and I'+ © 7 > 0. This condition is stronger than necessary, but it is simple to verify directly

from the effective curvature matrices.

4In the scalar case, this condition becomes ¢ + 0x + (a + 5)2 Wg# > 0.
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The scalar case also makes the distinction between existence and stability particularly

transparent. Define

v+ 0a
b2

and —8**Eq+<g+a>

2'7‘1‘9;{

—0*=q+ala+p) 2

Then —0** = —0* + (p/2)*(y + 0.7)/b*. As state complementarity increases, there are four

regions:
1. if —0x < —0*, the equilibrium is stable and X (¢) converges to zero;
2. if —0x = —0*, then A = 0 and X (¢) = X (0);

3. if —0* < —0x < —0™, an equilibrium exists but 0 < A\ < p/2, so X (f) moves away

from zero; and
4. if —0x > —0**, there is no equilibrium.

Thus, existence and stability are distinct: for an intermediate range of complementarity, an
equilibrium exists and satisfies the eigenvalue condition A < p/2, even though the aggregate
state moves away from the steady state. As complementarity increases, stability is lost before

existence.

4.3 Comparative Statics and Persistence

We first characterize how the stabilizing solution P changes with the two interaction matrices.

Throughout this subsection, we assume that () + ©x and I' + © 7 are positive definite.

ProrPosITION 10. Consider two equilibria that differ only in one interaction matrix.

1. If ©4 < 6%, then P! = PY. Thus, more strategic complementarity in states makes P

less negative definite.

2. If ©, < 0Y%, then P! = P Thus, more strategic complementarity in actions also

makes P less negative definite.

Both forms of complementarity raise P, but this does not mean that they have the
same effect on aggregate dynamics. State interactions affect J + G through P, while action
interactions also change B(I' + © 7)'B’. Moreover, when n > 1, an ordering of P is not
sufficient to order every eigenvalue of J + G. We first establish a comparison of their sum,

given by the trace.
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LEMMA 2. Assume that ©% + @ and ©% + T are both positive definite for i = 0,1. Denote
by [J+ G]" the matrix corresponding to the equilibrium law of motion of the aggregate state.

1. If ©% < 6%, then tr ([J + G]') > tr ([J + G]°). Thus, more strategic complementarity

in states increases the sum of the eigenvalues of the aggregate law of motion.

2. If ©, < 0%, then tr ([J + G]') < tr ([J + G]°) Thus, more strategic complementarity

in actions decreases the sum of the eigenvalues of the aggregate law of motion.

In words, greater state complementarity or greater action substitutability raises the trace
of J + G, while greater action complementarity lowers it. In a stable equilibrium, a higher
trace means that the sum of the eigenvalues is closer to zero. In one dimension, this immedi-
ately implies that greater state complementarity makes the aggregate state more persistent,
while greater action complementarity makes it less persistent. In the capital-accumulation
example, state complementarity and action substitutability therefore work in the same di-
rection: both make aggregate capital more persistent than it would be if the corresponding
interaction were absent. In multiple dimensions, however, the trace does not determine how
each individual eigenvalue changes. We can instead give the following comparative-static

result for the evolution of a set of initial conditions:

PROPOSITION 11. Let [J + G]* be the equilibrium law of motion corresponding to ©% and
O for i = 0,1. Assume that ©% + @ and ©% + T" are both positive definite for i = 0, 1.
Let Qy C R” be an arbitrary set of initial conditions and let Q = {X(t) € R" : X(s) =
[J + G'X(s),0 < s < t, and X(0) € Qo} be the points reached after ¢ > 0 periods. Let

vol(+) denote the volume, or Lebesgue measure, of a set in R™.

1. If © =< 6%, then vol(Q}) > vol(Q2?). Thus, more strategic complementarity in states

keeps the volume of states larger.

2. If ©1, < 0Y, then vol(Q}) < vol(2?). Thus, more strategic complementarity in actions

shrinks the volume faster.

The proof of Proposition 11 is immediate from the continuity equation, which shows that
vol(€;) solves a simple scalar constant-coefficient o.d.e., giving vol(Q) = e™(7+E ol (Qy),
together with Lemma 2. State complementarity therefore reduces the rate of volume con-
traction, while action complementarity increases it. A change in the trace implies that the
sum of the real parts of the eigenvalues changes, and hence that at least one of them moves.

It does not imply that every eigenvalue moves in the same direction.
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The following numerical example makes this distinction explicit. Set p = 0 and hold the

action interaction fixed. For 7 = 1,2, let P; solve

P [B(l+0©4)'B|P=Q;+ A+ AP, (J+G)i=[B(L+04)'B]P - A,

1 2 1 -3
A = y B F + @ _1B, - ?
(2 5) (B +62)7 5] (—3 10)
2 -1 3 5
Ql_(—l 1)’ Q2_<5 51)'
Here A, [B(T' + ©.7) ' B’], Q1, and Q2 — Q; are positive definite, but A and [B(T'+ ©.7) ' B']

do not commute. The stabilizing solutions satisfy P, < P; < 0, and the traces move in the

with

order implied by Lemma 2. Nevertheless,
eig((J + G)1) ~ {—3.02, —6.55}, eig((J + G)y) ~ {—1.56, —22.68}.

One eigenvalue rises and the other falls. Thus, even a strict Loewner ordering of the Ric-
cati solutions does not imply an eigenvalue-by-eigenvalue ordering of the closed-loop matrices.
Stronger assumptions are therefore required to obtain an unambiguous result on persistence
for each eigenvalue. We give two sets of results, with increasingly strong assumptions and
correspondingly stronger conclusions.

The first result imposes a symmetry condition after the natural change of coordinates.

PROPOSITION 12. Hold B(I'+© ;)1 B’ fixed. Suppose [B(I' 4+ ©.4) 1B A is symmetric.
Order the eigenvalues of J + G from smallest to largest. If ©% < 0%, then

eigj(Jl—l—G)zeigj(JO—i-G), j=1...,n.

Assuming both systems are stable, under this condition, more strategic complementarity
in states makes every eigenvalue of the equilibrium law of motion closer to zero, i.e. the

equilibrium is more persistent.

The restriction is needed because [B(T' + © 7)~'B’] P — A is otherwise nonsymmetric, and
a change in P need not translate into an ordering of the eigenvalues of the closed-loop matrix.
A stronger restriction gives a closed-form characterization and permits comparative statics

with respect to both interactions.

PropPOSITION 13. Suppose A = al,. Let A\; denote the eigenvalues of J 4+ G. Then they are
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real and can be indexed so that

P (P L)+
)\jf2 \/(2+a) + 11, (18)
1y = eig; ((Q + ©x)YV2B(I + ©,4) ' B'(Q + 6x)"?)

for j =1,...,n. Consequently:
1. more strategic complementarity in states raises every \;;
2. more strategic complementarity in actions lowers every A;; and

3. the jth mode is stable if and only if u; 4+ a(a + p) > 0.

It is useful to keep the sequence of results in mind. In the general multidimensional model,
stronger complementarity orders both the Riccati solution and the trace of the closed-loop
matrix, and therefore gives a prediction for the rate of volume contraction. This allows us
to characterize how strategic interactions affect aggregate persistence without assuming that
the different dimensions of the problem are separable. What cannot be signed in general is
the response of each individual eigenvalue. For state interactions, eigenvalue-by-eigenvalue
comparative statics are obtained when [B(I'+0 7)~! B'] 7! A is symmetric. Under the stronger
restriction A = al,,, the same conclusion holds for both state and action interactions, and
the eigenvalues are available in closed form.

Importantly, the last result remains multidimensional. The matrices @ + Ox and B(I" +
©7) 'B’ need not commute or be simultaneously diagonalizable, so the model does not
reduce to a collection of independent one-dimensional decisions. The restriction A = al,
is also natural in the multiproduct price-setting example. There, A captures trend cost
inflation, so common inflation across products gives A = al,,, while demand and adjustment

costs can continue to link prices across products.

5 Planner’s Problem

The utilitarian planner chooses a(z,t) for every state and date, taking into account how
these choices affect the aggregate state and aggregate action. The planner’s period objective

18

U(m,a) = — %/x/Qx m(x)de — X'OxX — %/a(m)Toz(x)m(x)dx - A'O1A,
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where X = [am(z)dz and A = [ a(z)m(z)dz. The planner maximizes the discounted in-
tegral of this objective subject to the Kolmogorov forward equation. The planner internalizes
both sides of each interaction: changing an individual state or action affects the agent’s own
payoff and, through the aggregate, the payoffs of other agents. With symmetric interaction
matrices, this doubles the interaction terms in the first-order conditions.

Let A(z,t) be the multiplier on the Kolmogorov forward equation. The functional deriva-
tive of the state interaction is

- X'(0 + Ox)z,

while the derivative of the aggregate-action interaction replaces © 7 in the individual Hamil-

tonian with ©; + © 7. Define the planner’s Hamiltonian by

H*(p,z, A) = max {—3a'Ta — A'(0'y + Ox)a + p'(Ba — Az)} .

a€ERE
Its maximizer is

o (p, ) =T"'[Bp— (6, +6,)A].

ProproOSITION 14. The solution of the utilitarian planner problem is characterized by the
following coupled partial differential equations for all £ > 0 and z € R™:

pA(z,t) = — 32'Qx — X (1) (O + Ox)x + H* (Ao (w,t), 2, A(t))
+ (S (2, 1)) + Ae(w, ),
my(z,t) = — div(H (A (1), 2, A())m(z, 1)) + 5 tr(Smg,(z, t)).

These equations are coupled through

X(t) = /xm(x,t)da:, A(t) = /oz*()\z(x,t),ﬂ(t))m(x,t)dx,

for all t > 0, with m(z,0) = mq(x) for all z € R", and with the corresponding boundary and

transversality conditions in Appendix A.1.

PROPOSITION 15. Suppose ©x and © 5 are symmetric. The planner’s HIB-KFE system
for interaction matrices (Ox, O 7) is identical to the decentralized equilibrium system for
interaction matrices (20x,20 7). Hence, whenever the corresponding allocation exists, the

planner’s allocation coincides with that decentralized equilibrium. If I' + 20 7 is invertible,
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the planner’s Riccati equation is

P*B(I' +207) 'B'P* = Q +20x + pP* + P*A + A'P*. (19)

Under the conditions of Lemma 2, doubling the state interaction raises the trace of the
closed-loop matrix when states are strategic complements, while doubling the action inter-
action lowers it when actions are strategic complements. Since the planner doubles both
interaction matrices, these two effects work in opposite directions, and the comparison be-
tween the planner and decentralized rates of volume contraction is generally ambiguous when
both interactions are present. If only one interaction is present, stronger conclusions are pos-
sible under the additional conditions discussed above. For state interactions, Proposition 12
gives an eigenvalue-by-eigenvalue comparison. For action interactions, the corresponding
result follows under the stronger restriction in Proposition 13.

The Kimball example gives an additional implication. The superelasticity cancels from
) + O x and therefore does not affect decentralized aggregate price dynamics, but it does not
cancel from the planner’s effective curvature () + 20 x. Thus, a parameter that has no effect
on decentralized aggregate persistence can still affect the planner’s aggregate dynamics and

the gap between the planner and decentralized allocation.

6 MFG with Aggregate Shocks and the Master Equa-
tion

We now add a common shock. Let N*(¢) and N~ (¢) be independent Poisson processes with
intensity /2, and define ¢(t) = N*(¢t) — N~ (¢). The individual state follows

dx(t) = (Ba(t) — Az(t))dt + SY2dW (t) + Tdg (t),

where T € R™. Because the common shock shifts every individual’s state by the same
amount, it also shifts the aggregate state by T. Thus, we conjecture, and verify below, that

aggregate states and actions satisfy
dX(t) = MX(t)dt + Ydd(t), A(t) =CX(t), (20)

for constant matrices M and C. In this section, C' denotes the coefficient that maps the

aggregate state into the aggregate action. The aggregate state must now enter the recursive
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problem because it follows its own stochastic law of motion and affects the agent’s current

payoff. Given (M, ('), the recursive value function has arguments (z, X') and solves

pv(z, X) = — 32'Qr — X'Oxa + H(vy(2, X), 2, CX) 4 5 tr(Svge(z, X))
+ox(z, X)MX + £ [3v(@+ T, X +7T)+ vz —T,X = 7T) —v(z,X)]. (21)

The corresponding stochastic KFE shifts the density by T at each common jump. Integrating
that equation against x gives the aggregate law of motion in equation (20).

We use the quadratic conjecture
v(z, X) = So+ 2’51 X + 12/ Sr + 3 X'S5X, (22)

where Sy and S3 are symmetric. For given (M, ), matching coefficients in equation (21)

gives
pSo = Ltr(28y) + KT (S + 18, + 185) T, (23)
pS1 = —Oy + S,BT'B'S; — $,BI''0;,C — A'S; + S M, (24)
pSy = —Q+ $BTB'S, — (SyA+ A'Sy), (25)
LSy =1S/BI'B'S; — 1 [S]BI'0©4C + C'© 4 'B'S]
+ 3C'04T 710 4C + L(SsM + M'S3). (26)

The system is recursive for given (M, C'): first solve for Sy, then Sp, S3, and Sp. In particular,
the equation for Sy, which determines the curvature of the value function in the individual

state, does not depend on the common shock.

PROPOSITION 16. Suppose I' + © 7 is invertible. In an equilibrium with common noise, let
P = 51+ 5;. The equilibrium condition for aggregate actions and aggregation of the drift
imply

('+64)C =B'P, M = BC — A. (27)

Thus,
C=T+6,)""'BP M =Bl +0,4)'B'P— A, (28)

Moreover, Sy = 3, and P solves equation (15), the same Riccati equation as without common

noise.

This is the relevant certainty-equivalence result. Unlike the formulation without aggregate
shocks, the recursive value function must include both z and X as states. The common shock

changes the realized path of the aggregate state, but not the matrices governing optimal
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adjustment around that path. Nevertheless, the matrix that governs aggregate persistence is
unchanged.

7 Recursive Equilibrium and Identification

The common-noise formulation gives a convenient recursive representation. Throughout this
section, we assume that [' + © 4 is invertible and that ¥ is nonsingular. Define the deviation

from the cross-sectional mean by

Using equation (28), the equilibrium can be written as

dX(t) = ([B(L +©4)'B]| P — A) X(t)dt + YdJ(t), (29)
dz(t) = (BT 'B'By — A)z(t)dt + SY2dW (t), (30)
at) = (T +0,) 'BPX(t)+T B Bz(t), (31)
At)=(+0,)"'BPX(t). (32)

These equations separate individual from aggregate adjustment. Deviations from the
cross-sectional mean are governed by the single-agent solution [, while aggregate dynamics
are governed by the equilibrium solution P. The common jump cancels from the law of
motion of z, and, more importantly, neither interaction matrix enters the dynamics of z or
of actions relative to their cross-sectional average. The reason is that strategic interactions
operate through the aggregate state and aggregate action, which disappear when individual
variables are expressed relative to their cross-sectional averages. Thus, the difference between
individual and aggregate adjustment reflects equilibrium feedback, and estimates of how
quickly individuals close gaps relative to others need not reveal how quickly the aggregate
adjusts.

To make the link with observed data explicit, let

Ui x = [B(L+64)'B]P—A, U:. =BTl 'B'j3, - A,
Usx = (L +604)'BP, U,.=T"'B'p,.

Thus, Uy y and U; . are the conditional-drift coefficients in equation (29) and equation (30),

while U, x and U, , are the policy coefficients in equation (32) and equation (31), respectively.

PROPOSITION 17. A data set containing paths of z(t) — X(¢) and a(t) — A(t) has no
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information about ©x or O 4.

Such data identify U; . and U, ., neither of which depends on the interaction matrices.
Thus, removing time effects from both states and actions removes information about strategic
interactions while retaining information about individual adjustment. This is the analogue
of the missing-intercept problem in this setting, applying to both state and action coupling.

The next results show what can be recovered once one of the interaction matrices is
normalized. We begin by taking the parameters of the individual problem as known and

then progressively relax this requirement.

PROPOSITION 18. Suppose O, ', p, Q, A, and B are known, and B(T' + © )" 'B’ is

invertible. A time series for X (t) identifies O .

The time series identifies Uy . Since the remaining objects are known, this coefficient
identifies P, and equation (15) then identifies © y. The proof is constructive and shows how
Ox can be recovered from the reduced-form drift coefficient.

We can relax the assumption that Q and A are known if aggregate actions and individual

deviations are also observed.

PROPOSITION 19. Suppose Oz, I', p, and B are known. Time series for X (t), z(¢), and
A (t) identify @, ©x, and A.

The three time series identify Uy y, U:., and U, x. The aggregate state and action
equations identify A and P, while the demeaned state equation identifies B,. The single-
agent and equilibrium Riccati equations then identify () and Ox.

Finally, we can also allow B to be unknown. This requires observing individual actions
and a rank condition that allows B to be recovered from the difference between aggregate

and individual dynamics.

PROPOSITION 20. Suppose O », I, and p are known. Suppose also that n = k and U, .—U, x
is nonsingular. Time series for X (t), z(t), a(t), and A (t) identify @), ©x, A, and B.

The four time series identify the four reduced-form matrices above. Their differences
identify B; the aggregate equation then identifies A and P, while the demeaned equation
identifies 3. Equations equation (11) and equation (15) finally identify @ and .

The normalization of © 7 in these propositions is essential. Even with aggregate states
and actions, the data reveal U, x and Uy y, not © 7 and P separately. For any admissible
value of © 7, one can recover a corresponding P from the observed policy coefficient and then
choose Ox to satisfy equation (15). Hence © x and © 5 are not separately identified without

an additional normalization or outside information.
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8 Coupling with Higher Moments

In this section, we extend the MFG so that the coupling in the agent’s period return can
depend on the first ¥ moments of the cross-sectional distribution, rather than only on its
mean. Distributions with the same mean can then generate different incentives to adjust,
and idiosyncratic risk can affect aggregate persistence. For simplicity, we assume that the
state is one-dimensional, so x € R and n = 1, and abstract from interactions through

aggregate actions. We denote the rth moment of the distribution m(-,t) by M, (¢):

M,.(t) E/:vrm(x,t)dx forallt >0and r=1,2,...,7

In this case the period return function is given by

F(z,m)+ R(«a)

_%:pqw — (90 —{-ZMT(t)QT) T — %O/I‘Oz

r=1

where M, = /m’" m(z) dx

Three comments are in order. First, we have also added a linear term to the period
return, namely the product of x with the scalar 6,. We do so in order to choose 6, so that
the cross-sectional mean of x is zero, as in the benchmark case. Second, since X (t) = M(t),
the benchmark case is obtained by setting ¥ = 1 and 6, = 0. Third, because the state is

one-dimensional, the corresponding coefficients ¢, a, and g are scalars.

O?F(x,m)
OxOM,.(t)

=—0,forr=1,2,...,7

A possible definition of strategic complementarity (substitutability) is that, if the measure
associated with the density m, is stochastically higher than the one associated with the
density my, then F(x,m,) — F(x,my) is weakly increasing (decreasing) in z. Under this
definition and our specification of F', strategic complementarity (substitutability) implies
0, <0 (>0)forr=1,3,5,.... This definition places no restriction on 6, for r = 2,4,6, .. ..

An equilibrium for the mean field game is now defined as:

DEFINITION 2. An equilibrium for the MFG given my is a value function u : R x Ry — R,
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a density m : R x Ry — R, and 7 moments M, : R, — R for r =1, ..., 7 satisfying:

pu(z,t) = —sxqz — <Z M, ()0, + 90> x4+ H(ug(2,1), 2) + 20Uz, (2, 1) + w(, t)
r=1
1
my(x,t) = — (Hp(ug(z,t), 2) m(x, 1)) + 502 My (, 1)
for all z € R and ¢ > 0 where

H(p,z) = max—1a'Ta+p (Ba —ax) for all (p,z) € R

a€RF

M,.(t) = /xrm(:c,t)da: forallt >0andr=1,...,7
with m(x,0) = mg(x) and appropriate boundary conditions for m and u.
We can specialize the definition of an equilibrium for a steady state as follows:
DEFINITION 3. A steady state is given by moments M, € R for » = 1,...,7 and two

functions # : R — R and m : R — R, satisfying:

pu(z) = —trqu — (Z M0, + «90> x4 H(Uy, z) + 10Uy, (2)
r=1

0 = — (Hy(ta(2), 2)m()), + 30% Maa(x)

for all = and the vector of moments M satisfies

Mrz/xrm(x)dx forr=1,...,r

We now turn to the analysis of the equilibrium. The value function must still be of the

same form:

u(z,t) = Bo(t) + Sr(t)x + 16a(t)2?

We follow the same steps as before and emphasize the parts of the analysis that differ from

the benchmark case with 7 = 1.
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Hamiltonian. In this case, the first-order condition for the Hamiltonian gives a* = I'"1 B'p.
Substituting a* back into the Hamiltonian and differentiating with respect to p gives

-1

H(p,z) = %pQ — pazx and H,(p,z) = v5'p — ax where y5 = 1/(BI' ' B’)

Following the same steps as in the benchmark case we get that the Hamiltonian and its

derivative evaluated at the derivative of the value function are:

H(up(2,1), 2) = 22-(B1(t) + Bolt)2)* — az (B (t) + Bolt))

HP(“I(xa t)>x) = 7;1(61“) + 52(t)-77) —ar

Dynamical System for the Coefficients of the Value Function. We can now proceed
as before. Matching coefficients on the different powers of z in the HJB equation gives the

following system of o.d.e.’s:

Bo = pBo — 18175 B — Lo Bs

B = (p+a)Br+06+ Z 0, M, — Bavg' B

r=1

Bo=q— Bavp' B2 + Baa + aBa + pBe

As before, these o.d.e.’s take as given the path for M;,..., M;. Again we must have
By(t) = By < 0, i.e. the same negative constant for all ¢ > 0, and the same negative constant
as in the benchmark case. In this scalar case the solution of the Riccati equation (35 is simply

the negative root of a scalar quadratic equation:

Vg B —a =15~ \/(a+ /2 +75'q

Dynamics of Moments. We can extend the previous analysis to obtain an o.d.e. for each
of the ¥ moments. The useful feature of this representation is that the moments satisfy a
relatively simple finite-dimensional system, rather than requiring us to solve directly for the

entire density m.

ProrosiTION 21. Given the expression for the Hamiltonian, and the definition of the

moments M,.(t), the solution of the Kolmogorov forward equation implies the following 7
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dimensional system of linear o.d.e.s

r(r—1)o?

M(t) =7 (75" B2 = a) My(t) + 195" By () My (1) + ——

M, _5(t) (33)
for r = 1,...,7 and ¢ > 0, for a given path f; and given initial conditions M,(0) for
r=1,...,7.

Next, we combine the o.d.e. for 51 with those for the 7 moments. Once we replace (55(t)

by the Riccati solution (35, we obtain a system of o.d.e.’s for the scalar 5 and the vector
(M, ..., M;).

State and Costate System. We can combine the costate-type variable §; with the 7

aggregate states My, ..., M to obtain a system of 7 + 1 nonlinear ordinary differential equa-
tions:
Bit) = (p+a—Bavg') Bi(t) + 00+ 0, M, (34)
r=1
r(r—1)o?

Mr(t> =r (’@152 - Cl) M, () + ryg Br(t) My (t) +

The equations for 3; and M; are linear in (By, My, ..., Mz). For r = 2,...,7, however, the

equation for M, contains the product 53 M,_; and is therefore nonlinear.

Steady States. The steady state of the system for (5, My, ..., M;) is, in general, different
from zero. There are two reasons. First, the even moments M, are nonzero. Second, the

constant 0 enters F. Given B3, the steady state (3;, My, ..., M;) solves

0= (p+a_627§1) Bl+90+ZQTMT

r=1

1= _ e r(r—1
0=r (73152 - a) Mr + TPYBlﬂerfl + Q

2
o° —
2 Mr72
This system is non-linear, so the existence and uniqueness of a steady state should be
analyzed. Also, not every solution to this set of equations gives a steady state, since the
M, are moments, and thus they have to satisfy the Hamburger inequality restrictions. To
ensure they are satisfied we can write this system in two steps. In the first step we solve

for M = (M, ..., M;) as a function of 3. Given j3; this is a linear system with recursive

structure given by:
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1 - r—1)o?
Mr = 15 ngﬁer—l + u

—= MT_Q} forr=1,2...,7
a—7g P

with My = 1. We let {171,(5;)}_, denote the unique solution of these linear equations. In

the second step we replace this solution into the equation for 3;, defining

7
—— |+ 0,M,.(31)
62'7]31 —a—p ,Z:;
Thus, a steady state is a fixed point 5, = B(3,).
This operator can, in general, have several fixed points. To see this, consider the example

of 7 = 2. In this case the function B is quadratic in ;. First, solve:

15 15 \2 9
_ _ 2
M1 = —IYB _6117 and M2 = (IYB _6112 D) + 7 /_1*
a—g B (a_”YB/BQ) a—vg B
Replacing them back we get:
: 1 215 V5 )’ o2 /2

BBy) = ——— |+ 6,— L ﬁl_ + 6, (3_11)_ ~+ 0, /_1_
Bovg —a—p a—"7p P2 (@ =g Be) a—"7p P

The fixed-point condition is quadratic in /31, so it can have up to two real solutions.

We are interested in steady states with M; = 0, since we are interpreting = to be a
deviation from steady state, it should have mean zero. The steady state expression for M,
implies that M; = 0 if and only if 8; = 0. This requirement has several implications,

summarized in the next proposition.

ProprosiTiON 22. Consider the model with coupling up to 7 moments, where 7 is even.
Suppose 02 > 0, and a — v5' B2 > 0. At any steady state, M; = 0 if and only if 3; = 0.
Conditional on this restriction, the steady state is unique: M, = 0 for r = 1,3,...,7 — 1,

while the even moments satisfy

r/2

_ (r— 1)02 - o =

M, =———""—M, o= (7“—1)!! _ , r=246,...,T. (35)
2 (a - ’73152) 2 (a - 73152)
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Such a steady state exists if and only if f, is set to

Op=— > 0,M, (36)

r=2,4,6,...
where !! denotes the double factorial.

Four comments are in order. First, the invariant distribution m of x is normal and

independent of the vector 6. Second, as an example, if 7 = 2, then

a?/2

0y = -0 ———
’ 2a—7§1ﬁ2

and there is a steady state with 5; = M; = 0. Third, even with these parameter values,
there may be other steady states. Fourth, the MFG we consider here, with coupling through
higher moments, does not satisfy certainty equivalence, and hence the invariant distribution
m depends on the variance of the idiosyncratic shock o?. To maximize comparability, we
choose 6y so that the zero-mean invariant distribution is the same as in the MFG with

coupling only through the first moment.

Local Analysis around the “Zero Mean” Invariant Distribution We now use Propo-
sition 22 and focus on the invariant distribution with 8; = M, = 0 for odd r. The dynamical
system equation (34)-equation (33) for (S, My, ..., M;) is nonlinear. To study its behavior

around the steady state of interest, we define the deviations
Bi(t) = Bi(t) — By and M, (t) = M,(t) — M,, forallt >0and r=1,...,F

The linearized system around the zero-mean steady state is

%Bl(t) = (p+a—PByg") Bilt) + D _ 0, M,(t) (37)
L0 (0) = g My Bal) 7 (13— ) WL + "N (e®)

dt 2

For the main result of this section, we rewrite the state-costate system in equation (37)

and equation (38) as
. ~ ~ ~ N N !/
Y(t) = #Y(t) where Y = (51, My, M, .. ,M,;) (39)

so that Y is an (7+1)-dimensional column vector and #€ is an (7+1)x (7+1) real matrix, whose
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coefficients are described by equation (37) and equation (38). Without loss of generality, we
take 7 to be even.

The existence and uniqueness of an equilibrium around the zero-mean invariant distri-
bution depend on the eigenvalues of #. We denote these eigenvalues by Xj. If this matrix
has one unstable (positive) eigenvalue and 7 stable (negative) eigenvalues, we say that the
zero-mean invariant distribution is locally determinate. In this case, the speed of convergence
along the equilibrium path is determined by the 7 stable eigenvalues. The next proposition

shows that these eigenvalues have a particularly simple structure.

PROPOSITION 23. Fix 7 as an arbitrary even integer. Let {\,}’=} be the eigenvalues of the
matrix # associated with the linearization in equation 39 around the zero-mean invariant
distribution. Define § = . rM,_16,. Then

1<r<r—1
r odd

~ 2 _ o~ 2 _
Alzg—\/<a+£> +75 (a+90) 7/\’F+1:§+\/<a+£) +75 (¢ +90), and

2 2 2
- 2
A =T B—\/<a+£> —|—7§1q forr=2,...,r.
2 2
Moreover, the path of the even moment deviations ]\/Zr(t), r=2,4,...,7,is independent of

{6,}7_, and of the initial conditions for the odd moment deviations. If ¢4 6 +vyga(a+p) > 0

and b=a — ’ygl By > 0, then the zero-mean invariant distribution is locally determinate:

’)\“1<0<’)‘\“7:+1’ A <0, 7=2,...,T.

Several comments are in order.
1. The coefficients {6,}7_, enter only two eigenvalues: A\; and Ary.
2. Moreover, only the coefficients {61, 03, ..., 671} on the odd moments enter \; and Xr+1-

3. The formula for Xl is identical to that for A\; in the scalar case with n = 1, with

taking the place of the scalar 6.

4. The interpretation of 6 is the same as in the scalar case: an increase in any 6, for odd

r makes convergence to the steady state faster.

5. There is a critical value —0* = ¢ + a(a + p)yp such that if —0 > —#*, then there is no

locally determinate equilibrium; that is, for those values of 6, A > 0.
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6. If = 0, then all the stable eigenvalues satisfy XT = er <Oforr=1,2,...,7. If there
is strategic complementarity, so that § < 0, then Xl > XT for all r =2,3,...,7. Thus,

with strategic complementarity, Xl is the dominant stable eigenvalue.

7. If 62 = 0, then § = 6. If all 6, < 0 (> 0) for odd r, then 6 is decreasing (increasing) in
o?. Thus, with strategic complementarity (substitutability), convergence to equilibrium

is slower (faster) when the idiosyncratic variance o is higher.

8. Although only the coefficients on the odd moments {6,605, ...,0-_1} enter the eigen-
values, the coefficients on the even moments affect the equilibrium, as the case 7 = 2

below illustrates.

The case 7 = 2 illustrates how an interaction through an even moment can affect transition
dynamics even though it does not affect the local eigenvalues. We turn to the complete
solution for the case 7 = 2. Assume [ (t) = sy M (t) + soMy(t). Substituting this expression
for f; into equation (37) and equation (38) for r = 1 and 7 = 2, and matching coefficients
on M (t) and My(t), gives

501 =v5's1 (—p+2 (7582 — a) + v5's1) and
V502 =552 (—p+3 (75" B2 — a) + 75" 1)

Substituting these expressions, together with the expression for f,, back into the system

gives the equilibrium laws of motion for the first and second moments:

%Mg(?ﬁ) = MMy (t) and
d - - ) .
%Mﬂt) = M\ My (t) + Tz 2 Ms(1)

2 _ 2\/(a +p/2)° +75'q - \/(a +0/2)" + 75" (01 + )

Thus, around the zero-mean steady state, the second moment converges at the rate given by
Xg, which is independent of {#,6,}. Nevertheless, while the second moment is away from
its steady-state value, it affects the control @ and, through it, the first moment, as shown by

the second term in the equilibrium o.d.e. for M.

9 Conclusion

We study how strategic interactions shape aggregate dynamics in linear-quadratic mean field
games with interactions through both states and actions. We show that equilibrium can be

characterized using the same Riccati structure as the corresponding single-agent problem,
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with strategic interactions changing the effective curvature of states and actions. This rep-
resentation gives a tractable characterization of existence and uniqueness and separates the
dynamics inherited from individual optimization from the additional feedback generated by
strategic interactions.

Our main results characterize how these interactions affect aggregate persistence. State
and action complementarities have opposite effects: stronger state complementarity increases
persistence, while stronger action complementarity reduces it. Importantly, these results ex-
tend to multidimensional environments without requiring the different dimensions of the
problem to be separable or the underlying matrices to be simultaneously diagonalizable. The
framework can therefore be used in a broad range of macroeconomic settings in which individ-
ual decisions interact through aggregate states or actions, as we illustrate with applications
to capital accumulation and multiproduct price setting.

We also study the planner’s allocation. Because the planner internalizes the effects of
each agent’s choices on others, the effects of strategic interactions differ from those in the
decentralized equilibrium. Internalizing state complementarity increases persistence, while
internalizing action complementarity reduces it, so the two forces can work in opposite di-
rections when both interactions are present.

Finally, we study what can be learned about strategic interactions from individual and
aggregate data. Demeaned states and actions contain no information about strategic in-
teractions, giving rise to a missing-intercept problem. Combining individual and aggregate
dynamics, we give conditions under which strategic interactions and other model parameters
can be identified. We also extend the framework to interactions through an arbitrary finite
number of moments of the cross-sectional distribution, allowing idiosyncratic risk to affect

aggregate persistence.
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ONLINE APPENDIX

A  Model Details

A.1 Boundary Conditions

We assume that mg has a finite moment of order r > 2 and seek solutions for which the same

is true of m(-,t) at every date. In particular,

1—/mxt

= xl_lgoo m(z,t) = ml_IEIOO m(z,t) = xl_l}I_Ii_loo My, (7,1) = xll_1>moo My, (7,1),
0= lim z;m(z,t)= lim x;m(x,t),
x;—+00 Z;—>—00

for every 4,5 and t > 0. These conditions justify the integrations by parts used to aggre-
gate the Kolmogorov forward equation. For the value function we impose the transversality

condition

lim e ”'E [u(z(t),t) | z(0) = 2] = 0.

t—o0

We also restrict attention to aggregate paths satisfying

/e"’t||X(t)||2dt<oo, /e_”tllﬂ(t)||2dt<oo.
0 0

The same conditions, with the natural stochastic interpretation, are imposed in the common-

noise model.

A.2 Riccati Equations: MFG versus the Linear Regulator

The algebraic Riccati equation for a standard infinite-horizon regulator can be written as
0=Q+A'X+XA -XBBX,

where the stabilizing solution makes A — BB'X stable. The MFG equation (15) is obtained

from this equation under the correspondence

Q=0Q+0y, Az—A—gln, BB = [BI+6,)'B], X=-P



Indeed, substitution gives
0=Q+Ox+pP+PA+AP—-P[B(l+06,) 'B]P.

The stabilizing regulator solution X > 0 therefore corresponds to the negative definite solu-
tion P < 0 for which the eigenvalues of [B(T' + © 7)) 'B’] P — A have real parts below p/2.
The single-agent equation (11) has the same correspondence with [B(I' + © 7)™ B’] replaced
by BI'"'B’ and Q + ©x replaced by Q.

This mapping also makes transparent the role of the interaction matrices. The state
interaction changes the regulator’s state curvature from @) to )+ © . The action interaction
changes its control matrix from BI''B’ to B(I' + © 7)"'B’. Thus, both interactions enter
the MFG Riccati equation through objects that have direct analogues in the single-agent

regulator.

A.3 Second-Order Approximation of the Capital-Accumulation Ex-

ample

Let i = 6k and write I = II(k, k). Terms in the return that depend only on the aggregate
variables can be omitted from the firm’s problem. The second-order expansion of profits is

therefore

(k, K) = Wy(k, k) (k — &) + %ka%, k)(k — k)?

+ M (b, k) (k= B) (K — k) + wn(K) +o([l(k — &, K = F)[*),

where wr does not affect the firm’s choice. Likewise,

iPI)=P@)(i — 1)+ P @) — i) — i) +w(I) +o(]|(i — i, T —0)[]”)
_ _ 1 _ _ _
V(i) = (D)0 =8 + ¥ (@)(i =) +wy +o((i —1)%)
The terms that are linear in the firm’s state and action determine the steady-state level
and the linear term in the value function. As in a standard linear-quadratic approximation,
translating the problem into deviations from the deterministic steady state eliminates these
terms from the problem expressed in deviations.
Using - - -
k—k K—k i—1 11—

?7 X: ?7 . i
k k 1 )




and dividing flow returns by II, the quadratic part of the return is

o o
LR (k.R) 5 Rk F)
2 0 o -
162R20" (k) ,  6*R2%'(6K)

— — — o — —

A
2 I T

This gives the coefficients stated in Section 3.1. The state equation becomes, to first order,
dx = (o — x)dt + odW.

For M(k, K) = k*0=YMK¥/1 direct differentiation gives

k211 -1
— = =)+,
]%2HkK_ 7]—1]]2
n n? ’
k2(T1 I —1
B ( kk:i- kK):ﬂ 1/(1— )
11 n

Hence ¢ > 0, Ox < 0, and ¢ + 0x > 0. If #'(5k) > 0, then 6, > 0.

B Proofs

For compactness within the proofs in this appendix, write
D=BIT+0,)'B.

Proof. (of Proposition 1) Write @ = C’C. Since @ > 0, C' has full column rank. Hence no
nonzero eigenvector of —A—pl, /2 can belong to the null space of C', which gives detectability.
Because B has full row rank, so does BI'"'/2. Let R be a right inverse, B ~'/?R = I,,.

For any ¢ > 0, choose
L=R(A+50—cl).

Then
Br—2p — A— gln — —cl,.

Thus (BI'~Y2,—A — pI,,/2) is stabilizable. The standard infinite-horizon regulator result

then gives the unique stabilizing quadratic value function for the uncoupled problem.

Proof. (of Proposition 2) For given paths of X and A, the quadratic coefficient of the



HJB is independent of both paths. Matching the terms that are quadratic in x gives equa-
tion (10). This is the Riccati differential equation of the uncoupled single-agent regulator.
Under Assumptions AM, detectability and stabilizability imply that its infinite-horizon solu-
tion is the unique negative definite stabilizing solution of equation (11). The infinite-horizon

transversality condition therefore requires B,(t) = 3, at every date. .

Proof. of Proposition 3. We replace A (t) from equation (12) into equation (9). This gives

us

Bi(t) = (pIn+ A = BB (I +©.4)' B') pu(t)
+ [B (BT ™'B' = B(T +©4) ' B) B+ 0x] X (1)

= (pl, + A" = BoBI'B') i(t) + Ox X (t)

+ BoBT'07 (T +604)” ‘B (51( )+ B2 X ())

= (plh+ A" = BT B + BoBT 04 (T +04) " B) fi(t)
+ [BBI 04 (T +©04)" B/ﬁz‘i‘@x} X(t)

= (plh+A = BB (I —=T""04 (F—i‘@j{)_l) B') Bi(t)

(3BT 'O .4 (T +6.4)" B'Bz—i-@X] X(t)

= (pln+ A" = BB (T +64)"" B) Ai(t)

(B2 (BI™'B' = B(I'+©4)"" B) B2 + Ox] X(t)

+

+
The last equality uses that
I —T7'0;T+07) ' =T+6,)"
O

Proof. (of Proposition 4) The proof proceeds in several steps.

1. Law of motion for X;: We substitute the p.d.e. for m; into the definition of X;(t) to
write an equation for the time derivative of X;, denoted by Xi(t), in terms of integrals
of m and H (uy,t) = H(ug(x,t),z, A(t)) to simplify the notation.



Xi(t):/---/ximt(m,t)dasl...d:vn

j=1
—l—%/”'/l‘izzakjmwjxk (:L’,t) d.’L’ldJ?n
E

2. No contribution from the Laplacian into X. We show that the term on X; with in-
tegrals of second derivatives of m is zero, i.e. we show that 0 = f x; Zk,j Okj Mz (z,t) d.

For this we use the assumed boundary conditions of m. Consider

A= [ /xzzzakjmw ) dov.oodoy = 3304,

where for an arbitrary combination k,j we have

Zj = Okj / . / |:/ ZT; mkaj (.I,t) dl’k:| dl’l .. .dack_ldka . dl’n
——

n—1

We will argue that A};j = 0. We first analyze the integral inside the braces, namely
f TiMayye; (x,t) dxy. For this we consider two cases. First, assume that i # k. In this

case we write:

/x,; Mgy o, (2,1) dog, = xi/aikaxj (x,t) dxy,

= (mmj (T1,..., 400, ..., 2y, t) — My, (xl,...,—oo,...,xn,t))

=0

where the equality follows from the assumed boundary conditions on m. If k = ¢ we

use integration by parts:
0
LMy, (2,1) do; = 3 My, (x,t) dz;
=TiMg; (T1,. ., Tiy ..., Ty, t) |t —/ Mg, (T1,- . Tiy oo, Ty, T) dig
—00

<0
=— —m(T1,.. ., Tjy. .., Ty, t) do;
/—ooaxj (1 )



where the first term is zero from the assumed boundary conditions on m. Thus we

have:

AZ] Egij / . / |:/ Z; mlilj (l’,t) d$1:| dilfl e dxi,1d$i+1 Ce dl’n
1
0
Oij %m<l’1,...,$i,...,$n,t) d.ﬁl?l dl’l...d$i,1d$i+1...dl’n
N— J

n—1
0
:—aij/.../a—%m(ml,...,xn,t)dxl...dxn

:—Uij/"'/{/im(l'l,...,ﬂjj xn,t)dx]] dl’l...d$j,1dl’j+1...dl'n
8:1:]-

/ / m(xy, ..., 400, ..., Ty, t) —m(z1,...,—00,..., Ty, t)]dxy ... drj1dzjtq ..

= — 0y / /0 d.’L’l df,EJ 1d33']+1 d

=0

where we use the previous result, reorder the integral twice, and use the boundary

conditions for m.

. Simplifying the expression for X;. Using our previous results we obtain:
_//x S (0, (1), Oy m(a, 1)), doy .. d,
j=1

:/.../Hpi (up(, £), 1) m(z, t) day . .. dz,

We can also write it in vector form as:

:/.-./Hp (o, 1), ) m(, ) dary .

where X' and H, are row vectors.

.dx,,



To see why this has to hold we write:
/ /xl Z (ug(,t),t) m(z,t))  dry... dx,

/ /;c (up (2, 1), t) m(, 1)), das ... da,

Jj= 1]#1
:_/.../ Ux (Hy, (o, ), ) m(x, 1)), da;| dor...dw; desys ... do,
H,_/
/ /:1:Z Z p; (Uz(z, 1), 1) m(x t)) dxy ...dx,
J#i

where we have used integration by parts, and the boundary conditions. Fix a j # i

and write

_//gJ (Hy, (s, 1), ) m(x. 1)), dey ... de,
:_//x / (H,, (uule, 1), 0) m(z, ), dx]} doy . dv; 1deys ... di,
N—— B

- / . /gz;z -Hpj (ug(x,t),t) m(z,t) Ijzfz] dry...dxj_qdxjqy ... dz,

where the last term follows from the boundary conditions on m and from the fact that

H,(u,,t) is linear in x.

. Derivative of Hamiltonian on X. The next step is to substitute the expression we have

for the derivative of the Hamiltonian in terms of A’s into the law of motion for X.

_ /.../Hp (s (2, 8), 2, A () i, 1) day . - da



Using:

Hy(ug(z,t),2, A(t)) = [(B1(t) + 2'B2) B— A'O 4| T7'B — o' A

X(t) = /---/H,, (o, ), 8) m(x, 1) s - ..
_ / / (([B1(t) + 2/Bs] B — A(1Y© 1) T B’ — o' A) m(a,t) day ... da,
:/.../[ﬁi(t)jtx’ﬁz} m(x,t)dz, .. .dr, BD'B'
_/.../ﬂ(t)’@ﬂFlB’m(x,t) dz; ... dz,

_/.../x’m(x,t)A’dxl...d:rn

We now use that X = [ am(z,t)dz, and that [ m(x,t)dz =1 so that:
X'(t) = / [B1(t) + ' Bo] m(x,t) dz BT ' B — A(t)©4T'B' — /x/m(x, t)dx A’
= B1(t)BI'B' = A(t)©AI "B + X (t) (6.BT'B' — A')
Transposing this expression we get:

X(t) =BT 'B'Bi(t) + (BT 'B'By — A) X(t) — BT 'O1A4(1)

. Now we are ready to obtain our final expression. Using the aggregate optimal action

obtained above,
A(t) = (T +02) " B (Ai(t) + 52X (1))
and substitute it into the transpose of the expression we obtain in the previous step:

X(t) =BT 'B'Bi(t) + (BT 'B'By — A) X(t) — BT 'O A ()



Then we obtain:

X(t)=BU'B'Bi(t) + (BT 'B'B, — A) X (1)
— BI04 (T +0,) ' B (Bi(t) + B X (1))
=BI ' [I, -0 (T +0,)7| B (Bi(t) + BoX (1)) — AX(t)
=BT +0,) "B (Bi(t) + BX(t)) — AX(t)

which is the desired expression.

O

Proof. (of Proposition 5) Subtracting pls,/2 from # in equation (13), its upper-left block
is minus the transpose of its lower-right block, while both off-diagonal blocks are symmetric.
Hence # — pls, /2 is Hamiltonian. The spectrum of a real Hamiltonian matrix is invariant
under multiplication by —1 and under complex conjugation. Re-centering the spectrum at

p/2 gives the four eigenvalues stated in the proposition.
O

Proof. (of Proposition 8) Suppose P? and P! are two symmetric solutions of equation (15)

whose closed-loop eigenvalues have real parts below p/2. Let A = P! — P? and define
é@':DPi—A—gfn, i=0,1.
Subtracting the two Riccati equations and collecting terms gives
(GYYA+ AG® = 0.

Both matrices in this Sylvester equation are stable. Hence the equation has the unique
solution A = 0. Therefore P! = P° and the associated saddle path and aggregate law of
motion are unique.

O
Proof. (of Proposition 9) Let Q = Q + Ox and C' = A + pl,/2. The Riccati equation can
be written as

PDP — PC —C'P = Q.

Completing the square gives

(P-C'D)D(P-D7'0)=Q+C'D'C=E.



The left side is of the form L'DL and is positive semi-definite. Thus E > 0 is necessary.

If @ > 0 and D > 0, use the regulator correspondence in Appendix A.2. The associated
regulator is detectable because @ is positive definite and stabilizable because D is positive
definite. It therefore has a unique positive definite stabilizing solution. Under the corre-
spondence X = — P, this gives a unique negative definite solution of equation (15) for which
DP — A — pl, /2 is stable.

In the scalar case, write D > 0, ¢ = ¢ + 0x, and A = a. The two roots are

p+2a £+ /(p+2a)>+4Dq
b= 2D '

The root with the minus sign is admissible exactly when the discriminant is strictly positive.
This is equivalent to
_ (a+p/2)

—>0
q+ D Y

which is the strict scalar version of the necessary condition. [J

Proof. (of Proposition 10) Consider differentiating the expression for P with respect to a
small change in ©x and © 7. We will denote the derivatives with respect to these changes

with a dot. Differentiating equation (15) with respect to the changes in © x and O 7 gives

PC+CGP=0y— PDP, g~:DP—A—gIn.
Since QN is stable, the Sylvester equation has the solution:
P=- / eG's (@X - PDP> e ds. (40)
0

If only the state interaction changes and strategic complementarity increases, then ©x < 0
and D =0, so P > 0.

If only the action interaction changes, then
D= —B(F + @;g)_lé)ﬂ(F + @ﬂ)_lB/.

Thus © 7 < 0 implies D > 0. In that case ©x = 0 and —PDP = 0, again implying P = 0.
Integrating along a path between the two interaction matrices gives the two orderings in the
proposition.

O

Proof. (of Lemma 2) We prove a lemma for the differentiable version of the comparative

10



static, which implies the discrete one by integration. Let Ox(¢) = ©x(0) +€eOx and O 7(¢) =
©.7(0)+ €0 7, where € is a small positive scalar. Assume that Oy is negative definite, so that
Ox (€) has more strategic complementarity than ©x(0), and © 7 is positive definite, so that
© z(€) has more strategic substitutability than © z(0). Then tr (J + G)(¢) > tr (J + G)(0).

We will differentiate the Riccati equation and the corresponding closed-loop matrix with
respect to changes in ©x and © 7, which we denote with a dot. Differentiate the closed-loop
matrix J + G = M = DP — A and take the trace

tl”M = tr(DP) —|—tI‘<DP),

since A does not change. First we will consider the term tr(DP). Using the expression for

P in the proof of Proposition 10 in equation (40),
P=— /OO eS's (@X — PDP) eS3ds.
0
Premultiplying by D gives
DP = - / " Defs (6x = PDP) ds.
0
Taking the trace,
tr(DP) = — /00 tr [Degj/S (@X - PDP) eés] ds.
0
By cyclicity of the trace,
tr [Deé/S (@X — PDP> egs} =tr [eésDeé/s (@X — PDP)} .
Therefore,
tr(DP) = — /00 tr [(9){ - PDP> egsDeéls} ds = —tr [/00 <@X — PDP) e(stegE’st}
0 0
= —tr [(9)( - PDP) /00 eésDe@Sds]
0

Let the matrix W be -
w :/ e9° Deb"%ds,
0

11



which is the solution of the Sylvester equation
CW +W¢G =—D.
Using the definition of W,
tr(DP) = —tr [(@X . PDP) W] — [W (@X - PDP)} ,
and hence
tr(DP) = —tr(WOx) + tr(WPDP).
Adding the remaining term and using the cyclicality of the trace, we obtain

tr M = —tr(WOx) + tr(WPDP) + tr(DP) = — tr(WOx) + tr(DPW P) + tr(DP)
= —tr(WO) + tr (D(P + PWP))

The first term gives the comparative static of tr M with respect to ©y. The second term
gives the comparative static of tr M with respect to © 4. Each of the two is the trace of the
product of symmetric matrices. The first term has matrix W which is positive definite, given
that D is positive definite. To establish the sign of each of the two terms, we first work with
the matrix in the second one. Let V = —P~1! = 0. Multiplying the Riccati equation on the
left and right by P~! and rearranging gives

GV+VG =—-D—V(Q+6x)V.

Subtracting the Lyapunov equation for W yields

GV -W)+(V-W)G =-V(Q+6x)V.
Because é is stable and @ + ©x = 0, V — W = 0. Hence
P+ PWP=—-PV -W)P <0.

Now we are ready to show the main result. Recall that the trace of the product of two
(symmetric) positive definite matrices is positive, and likewise a positive times a negative
definite is negative. If state complementarity increases, then ©x < 0 and the first term
is nonnegative. If action complementarity increases, then D = 0 and the second term is

nonpositive. Strict changes give strict inequalities.

12



Proof. (of Proposition 12) The closed-loop matrix is similar to
D™Y2(DP — A)DY? = DV2pDY/? — p=Y2 4D,

The condition that D~'A is symmetric implies that D~/2ADY? is symmetric. Thus the
displayed matrix is symmetric. If ©% < 0%, Proposition 10 gives P — P? = 0, and hence

D1/2(P1 o PO)D1/2 >__ 0.

The monotonicity of the ordered eigenvalues of symmetric matrices in the Loewner order

gives the conclusion.

O

Proof. (of Proposition 13) Let @ = @ + Ox and define
T = D'*PD'2
When A = al,, multiplying equation (15) by D'/? on both sides gives
T? — (p+ 2a)T = DV?QD'?.

The right side is a polynomial in the symmetric matrix 7', so the two matrices commute and
can be diagonalized by the same orthogonal matrix. If y; is an eigenvalue of DY 2@D1/ 2 the

corresponding eigenvalue ¢; of T" satisfies
t3— (p+ 2a)t; = ;.

The stabilizing root is

—arg—y(o+5)
t;, = = — = .
y a+2 \/a+2 + u;

The matrices DP and T are similar, and the eigenvalues of DY/2QDY? are the same as those
of Qvl/QDQVl/Z. Therefore \; =t; — a gives equation (18).
For fixed D, a decrease in @ lowers every p; and therefore raises every A;. For fixed @,

a decrease in © 7 raises D, which raises every p; and lowers every A;. Finally, A\; < 0 if and

£) > (5)
(a+2 + > 5)

13
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which is equivalent to u; + a(a + p) > 0.
U

Uniqueness of the Steady State. The Riccati representation can equivalently be written

as the state—costate system

d

dt

PX
X

PX
X

p]n+A/ Q+@X
D —A

At a steady state, the second row implies DPX = AX. When D is invertible, this gives
PX = D 'AX. Substitution into the first row gives

[Q+O6x+AD'A+pD Al X = 0.
Thus, a nonzero steady state requires
det (Q +Ox + A'D"A+ pD 'A) = 0.
Since this determinant is a nonzero polynomial in () and O, this condition fails generically.

Hence, generically, X = 0 is the unique steady state.

Scalar Case for P = p. In the scalar case, the Riccati equation is

b2

Dp? = q+ 0x + (p+ 2a)p, D= .
p°=q+0x+ (p+2a)p i

The admissible root is

p+2a—+/(p+2a)? +4D(q + bx)
b= 2D

Since A = Dp — a, the lower root gives the aggregate eigenvalue reported in the main

text. The condition A\ < p/2 is equivalent to

P\2 7+ 0

0x + (a+ ) 0
q+b06x+|a+ 5 b2 > 0,
while stability, A < 0, is equivalent to
v+0
q+0x +ala+p) 62ﬂ>0.

14



Together, these two thresholds generate the four regions described in the main text, distin-
guishing a stable equilibrium, the boundary case A = 0, an equilibrium with 0 < A < p/2,

and nonexistence.

Proof. (of Proposition 14). We start noticing that the minimization of the Lagrangian L
with respect to A is equivalent to the Kolmogorov Forward equation, hence we include that as
part of the solution. The second step is to rewrite the part of the Lagrangian which involves
the constraints by repeatedly integrating by parts. This will produce a linear expression on
m, with the exception of the terms in U.

We write the Lagrangian as

L(a,m,\) = lim Te’th(m(t),a(t))dt

T—oo J
T
_ / / e\ (z, ) div (Balz, 1) — Az) m(z, 1)) dz dt
0
T
—i—/ /ept)\(x,t) (3tr (Smyg(z,t)) — my(z,t)) dz dt.
0
1. We start with the first term involving the divergence:

- / e\ (z, £)div ((Ba(z, 1) — Az) m(z, 1)) dz

— —/e_pt)\(a:,t) - ((Z B o (x,t) — ZAl]x]) m(x t)) dz.

=1 x;

For each term in the sum of the divergence, we reorder the integral to consider:

_/)\(m,t) ((iBwar(m t) ZA,]Q;J) m(z t)> dz;

Z;

:/ 2 (x, 1) ((Z B o (z,t) zn:AZ—j:rj> m(x,t)) dx;
t) ((Z B, o (x,t) — ZAijxj) m(x,t))

which using the assumed integrability of A and A, and the maintained assumptions

;=400

r;=—00"

15



about the limits of m and m,,. Thus we have:
T
- / /e_pt)\(x, t)div ((Ba(x,t) — Ax) m(x,t)) dx dt
0
T n k n
- / /e‘ptm(x, t) Z Az, (2, 1) (Z B o (z,t) — Z Az-jxj) dx dt.
0 i=1 r=1

J=1

2. For the second term, we focus on the inner integral

/ (@, D)tr (S (@, 1)) da
- Z Z Okj / . / N, )My e, (T, t)dry . . doy,.

Take the case of j = k and concentrate on the dx; integral:

/ )\(33, t)mxja:j (-1', t)dl']
- / Ny (2, ), (2, )y + A, ), (2, )] 7777

— //\acjﬂij (z, t)ym(z, t)dw; + Mz, t)my, (2, )]~ + Ay, (2, )ymi(z, )| 7270

Tj=—00

://\xjxj(x,t)m(:v,t)dasj.

where we eliminate the boundary terms under the assumption that A(z,t) and ., (z,t)
satisfy the corresponding growth conditions and under the maintained assumptions

about the limits of m and m,;.

Now we consider the case where j # k and change the order of the integrals so it reads:

//)\(x,t)mm].xk(x,t)dxjdxk

— —//)\xj(x,t)mxk(x,t)da:jdxk+/)\(x,t)m%(x’t)l%:zwodxk
Tj=—00

= —//)\xj(x,t)mxk(x,t)dxjdxk.

16



So we have:

// (@, t)my, (z,t)dx;dx) = // (@, t)my, (z,t)dzd;

= [[[ st tinte. 0 v om0 227
:/)\xjxk(x,t)m(a:,t)dxk-

Thus we obtained:
T
/ /e_pt)\(:p, t)3tr (Smyg,(z, 1)) dz dt

/ / Ltr (Shgo(z,t)) da dt.

3. Third, the second part of the last term, we change the order of integration and write

for the inner integral:

—/0 Nz, t)e P'my(x, t)dt :/0 e P N2, t) — pA(z, t)] m(z, t)dt

— e Pt =t
e PNz, t)ym(z,t) .
t—

Let’s define L*(m, \) = max, L(a, m, \) as the Lagrangian maximized with respect to a.

We use the terms we computed above to rewrite the Lagrangian as:

L*(m,\) = lim Te_”t [—%/az’@x m(x,t)dz — X(t)’@XX(t)} dt
0

T—00

T
+ max lim e Pt [—%/a’(x,t)Fa(x,t)m(x,t)d:c — ﬂ(t)’@ﬂﬂ(t)] dt
0

a T—oo

+m3leiirgo/ / —pt [Z A, (2, 1) (Z B ra,.(z,t) ZAU%)

+ lim / /e_pt [1tr (Shea(z, 1)) — pA @, t) + M(z, )] m(z, t)dxdt

m(z,t)dxdt

T—oo J
t=T
— lim [ e P Na, t)m(x,t)| da.
T—o00 t=0

The maximization with respect to a(z,t) now also takes into account that A(t) =

17



[ oz, t)ym(x,t)dz. The first order condition is
0= —Ta(z,t) — (07 + O2)A(t) + B s(x,1).

Thus, the optimal action is also the maximizer of the planner’s Hamiltonian H*.

We differentiate L*(m, \) with respect to m(z,t) obtaining:

OL*(m, \; x,t)
om

=e " [—32'Qr — X(t) (O + Ox)z]
+ max e [—3d (z, t)Ta(z, t) — A(t)(Oy + Ox)a(z,t)

a(z,t
n k n
+ Z )\mz (ZL’, t) (Z Bi,rar (ZE, t) - Z Aijlfj)
i—1 —1 =1

,: r

+ e P [Ltr (Shga(z, 1)) + Mz, t) — pA(z,t)]

forall 0 <t < T and all x € R™.

Note we can write:

H*(Ay(z,t), 2, A(t)) = max —3a'Ta — A(t)(0y + Ox1)c

n k n
i=1 r=1 j=1
= max —sa'Ta — A(t)' (0’7 + Ox)a + X, (z,t)(Ba — Azx).

where A, (z,t) is the n-dimensional vector of derivatives of A\. Thus we can write

_ OL*(m, \;z,t)
B om
pA(z,t) = —32'Qr — X (1) (O + Ox)x + H* (Ao (w,t), 2, A(t))

+ %t'r (XAzz(x, 1)) + N(2, 8).

0

as equivalent to

The derivative with respect to m(x,T) gives:

lim e "' \(x,T) = 0.

T—o0

Finally, we can use the envelope in the Hamiltonian to obtain the optimal value for o(z, t)

and thus write the Kolmogorov forward equation as:

my(a,t) = —div (Hy (Ao (x, 1), 2, A(t))m(x, 1)) + 3tr (Smga(z, 1)) .

18



The definitions of the aggregate state and aggregate action give

X(t) = /a:m(x,t) dx,
A(t) = /a*()\x(x,t),ﬂ(t))m(x,t) dzx.

O
Proof. (of Proposition 15) The aggregate state term in the planner’s instantaneous objective

is —X'OxX. A perturbation of the density at = changes this term by

Similarly, the aggregate-action term is —A'© 7z A. A perturbation of the action selected at
a state changes this term by
—ﬂ/(@ﬂ + @'ﬂ)a

These are the two terms that distinguish the planner’s first-order conditions from those of an
individual agent. If the interaction matrices are symmetric, the planner’s HJB and optimal

action coincide with the decentralized HJB and optimal action after replacing
@X by 2@){, @ﬂ by 2@ﬂ

The consistency conditions and the KFE are otherwise unchanged. Applying the equilibrium
construction in Section 4 with the doubled matrices gives equation (19).
O

Proof. (of Proposition 16) We first derive the system equation (23)—equation (26). From
equation (22),
Uy = SlX + SQZL', Vx = SifE + SgX

The optimal action for given (M, C) is therefore
(2, X) =T [B'(S1X + Syz) — ©7CX].
Substitution in the Hamiltonian gives

1 )
H(v,,,0X) = 3 [B'(S1 X + Sor) — ©7CX)' T [B'(S1X + Syz) — ©,CX]
— (51X + Sax) Ax.

19



The common jump shifts x and X by the same amount. For the quadratic value function,

%v(m—l—T,X—i—T) + %U(J}—T,X—T) —v(z, X)
1 1
=7 (51 + 552 + §Sg> T.

Matching the constant, X, 22, and X? terms gives equation (23)-equation (26).
g

We next obtain the law of motion for the aggregate state. We fix a coordinate and evaluate
the stochastic process of X;:

aX,(t) = d/:z;jm(:c,t)dx
- / ) {_ div (Hy(ve(w, X (£)), 2, CX ())m(a, 1)) + %tr (Bmmas(, )| 25 du dt
n / (m(z —T,t) — m(z, ) z; de AN*(2)
n /R (m(z + T,t) = m(x,t)) 7; de dN~ (1)
_ / n Z (Hy, (vo(, X(8)), 2, CX (1))m(w.t)),, x; do dt
+7; d]\zﬁ(t) —T;dN"(t),

where the term involving the second derivatives of m is zero using the boundary conditions
in Appendix A.1.

Now we split the sum in two terms:

4X;(t) = —/ (Hy, (0o, X (1), 2. OX (8))ma. 1)), da
‘Z/n o (vs(, X (1), 2, CX (1))m(z, 1)), x; d di
i#]
+ Y, dNT(t) — T;dN"(t).
Take a typical term i # 7. Then
[ (sl XO), 2, OX ()G 0, d
/eRn 1/ i (Ve (2, X (t)), 2, CX(t))m (a:,t))xi dz; dx’

— /GRn 1 {hm Hy, (ve(z, X(t)), 2, CX (t))m(z,t) — lim Hp, (ve(x, X(t)), 2, CX(t))m(x,t)| da’,

T;—00 T;——00
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which is zero using the boundary conditions in Appendix A.1. Thus,

dX;(t) = — / (B (el X(0), 2, CX (O, 1) ;i
+ Y;dNT(t) — T, dN" (1)

= Hy, (ve(w, X(t)), 2, CX(t))m(x,t) de dt +T; dJ(1).

R

In vector form,

dX(t) = Hy,(vy(z, X (t)), 2z, CX(t))m(x,t)dxdt + T d]J(t).
R
Using the derivative of the Hamiltonian,
H,(p,x,CX) = Bl ' (B'p—0,;0X) — Az,

we obtain
X (1) = / [BI (B'v,(2, X (1)) — ©4CX () — Ax] ma, t) de dt
+ Y dg(t).
Using v,(x, X) = $1.X + Sex and X(¢) = [ 2 m(x,t)dz, this becomes
dX(t) = [BI ' (B'(S1 4 S2) — ©4C) — A] X(t)dt + T dJ (t).
Since P = S] + S5, comparison with equation (20) gives
M = BIY(B'P — ©40) — A.
We next impose the equilibrium condition for aggregate actions:
CX(t)= /a*(vx(x,X(t)),CX(t))m(x,t) dx.

Using the optimal action,
a.(p, A) =T (B'p—-0,A),

together with v,(z, X) = S1X + Sezx and X (¢) = [ 2 m(z,t)dz, gives

CX =T [B/(S) + Ss) — ©4C] X.
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Since this holds for every X,
('+©4)C =B'P.

Using this expression in the equation for M gives
M = BC — A.
Since I 4+ © 7 is invertible, we obtain
C=(+6,)"'BP, M=B(I+0,)'BP-A,

which gives equation (27) and equation (28).
The equation for Sy in equation (25) is the same single-agent Riccati equation as in the

case without common noise. Hence
Sy = [a.

Finally, we add equation (24) and equation (25) obtaining

,0(51 + Sg) = — (Q + @X) + SQBF_IB,(SI + SQ) — SQBF_IGﬂC
— A(Sy + S3) — SyA + Sy M.

Using P = S 4+ .55 and
B'P-0,;0C=TC,

the terms involving Sy satisfy

SoBI ™Y (B'P — ©40) — SoA = S,BC — Sy A = S, M.

Therefore,
pP=—(Q+6x)— AP+ PM.
Substituting
M=B(+0,)'BP-A
gives
pP=—(Q+0x)— AP+ PB(I+0,)'BP—PA
Rearranging,

PB(I' +0,) 'BP=Q+06x+pP+PA+ AP

which is equation (15), the same Riccati equation as in the case without common noise.
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O

Proof. (of Proposition 17) Subtracting equation (29) from the individual state equation and

using equation (31) gives
dz = (BT 'B'By — A)zdt + XV2dW.

The common jump cancels because it moves the individual and aggregate states by the same
amount. Likewise,

a—A=T"'Bp,z.
Hence the two reduced-form coeflicients available from demeaned data are
Ui,z = BF?lB/B? - A7 Ua,z = FilB/BQ-

Neither contains ©x or © 7, which proves Proposition 17.

O

Proof. (of Proposition 18) The conditional drift of the observed aggregate process identifies
Uy x=DP—A.
Since D and A are known and D is invertible,
P=D"Ug x +A).
The Riccati equation then gives
©x = PDP — pP — PA—-A'P — Q.

Every object on the right is known or identified from the aggregate time series, so Ox is
uniquely identified.
O

Proof. (of Proposition 19) The observed processes X (t), z(t), and A(t) identify
Ux x> U,z Ua,x.
Using equation (29) and equation (32),
Us x = BUax — A,
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so, since B is known,

A= BU,x — Uy x.

Next, equation (30) gives
Us;. =BTl 'B'B, — A.

Under Assumptions AM, BI'"' B’ is invertible. Hence
By = (BT'B) ™ (Us. + A).

From equation (32),
(T'+0©1)U,x = B'P.

Since B has full row rank, BB’ is invertible, and therefore
P=(BB)'B(l'+01)U,x.
The single-agent Riccati equation then identifies
Q = BT ™' B'fBy — pPy — oA — A'f,.
Finally, the equilibrium Riccati equation identifies
Ox = PB(I' +0©,) 'B'P—pP - PA—-A'P-Q.

Thus @, O, and A are uniquely recovered.

O

Proof. (of Proposition 20) The observed processes identify

UX,X = BUa,X - A7 Uz",z - BUa,z - A;
Usx = (T +6,)'B'P, Up.=T"1B'p,.

Subtracting the two drift coefficients gives
Us. —Ux x = B(Ua: —Usx).
Since n = k and U, . — U, x is nonsingular, this identifies

B = (Uivz - UX,X) (Ua,z — Ua,X)_l -
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The aggregate drift then identifies
A=DBUs,x —Ux x-

Since n = k, Assumptions AM imply that B is nonsingular. The two policy coefficients

therefore identify
P=(B) ' (T+0x)Usx. B2=(B)"'TU,..
The single-agent Riccati equation identifies
Q = BT ' B'By — pPy — oA — A'ps.
Finally, the equilibrium Riccati equation identifies
Ox = PB(I' +©,) 'B'P—pP - PA—- A'P-Q.

Thus @, ©x, A, and B are uniquely recovered.
O

Proof. (of Proposition 21) Using the definition of M, differentiating with respect to time,

and substituting the Kolmogorov forward equation gives
: o2
M, (t) = — /xr (Hp(ug (2, t), x)m(z,t)), dx + 5 /xrmm(x,t)dx.
The boundary conditions in Appendix A.1 and two integrations by parts imply
/:vrmm(x, tydx =r(r — 1)M,_»(t).
Here and below, My(t) = 1 and M_;(t) = 0. A further integration by parts gives
—/:U’" (Hp(uz(z,t), x)m(x, 1)), do = r/:v’"1Hp(ux(a:,t),$)m(:v,t)dx.

Since
Hp(uw(z7t)’ :L‘) = '7;1 (61(0 + 8217) —ar,

we obtain
M, (t) =1 (v5' B2 — a) My (t) + ryp' Bu(t) My (1) +
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which is equation (33).

Proof. (of Proposition 22) At a steady state, the equation for the first moment is
0= (v5'B2—a) My + 5" B

Since a — 71;152 > 0, this equation implies M; = 0 if and only if 51 = 0. Conditional on

By = 0, the remaining steady-state moment equations reduce to

_ —1Deo?2 _
Mr:(r—z(z,Mr,Q, 7":2,...,7’.
2(61_73 /82)

Starting from M, = 1 and M; = 0, this recursion gives zero for every odd moment and
gives equation (35) for the even moments. These moments are uniquely determined. Finally,

setting 4; = 0 in the steady-state equation for 3; gives
0=060+ Y 60,M,
r=1

The odd moments vanish, so this condition is equivalent to equation (36).

Proof. (of Proposition 23) Let
b=a—v5'8s > 0.

Equations equation (37) and equation (38) can then be written as

d —~ ~~ —
ZBi(t) = (p+ DBt 0, M,.(1),
IR0 = (o4 BRI + 30300
d — _ ~ —~ -1 2 __
aMr(t) = T’}/gerflﬁl(t) - Ter(t) + %Mrg(t), r = 1, BN
where ]\//fo(t) = 0. At the zero-mean invariant distribution,

_ _ 02_

M, =0 for odd r, M, =(r—1) 5% M,_5 for even r.

Permute the coordinates so that the even moments precede B\l and the odd moments. In
this ordering the coefficient matrix is block lower triangular. The block for (Z\//.TQ, M\4, - ]\/4\7:)'

is lower triangular because M,_; = 0 for even r. Its diagonal entries are —2b, —4b, ..., —7b,
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and therefore its characteristic polynomial is

IT 2+ ). (41)

2<r<r
T even

This also shows directly that the path of the even moment deviations is independent of the
interaction coefficients and of the initial odd moment deviations.

The remaining block corresponds to (31, ]\/4\1, ]\73, cee ]\//.7;_1)’ . Its lower-right part is lower
triangular with diagonal entries —b, —3b, ..., —(7 — 1)b. To evaluate the Schur complement,
solve the associated lower-triangular system with right-hand side T’y;er_l in the row for

the odd moment r. The component in that row is

7,7;1]\7[7’71

=13,....,r—1. 42
)\"—b Y r » 7T ( )

For » = 1 the expression follows immediately. If it holds for » — 2, substitution in the row

for r gives

Y 2 —1 7
g Moy r(r —1)o* (r = 2)yg M,—3
A= 2 N+ b
i
Yy Mrfl —1 17
= —i " A +7b— (r —1)b] = ry5" M,_y,

where the stationary-moment recursion was used. This proves equation (42) by induction.

9_ = Z TMr—lgm

1<r<r—1
r odd

Using the definition

the Schur complement gives the characteristic polynomial of this block:

[T A +rb) [N = pA—b(p+b) —v5'0]. (43)
3§r§§(;1

The calculation is first valid away from the finite set at which the lower-right block is singular.
Since both sides are polynomials in A, the identity holds for all A.
Combining equation (41) and equation (43) gives

det(AT — 7€) = [\ — pA — b(p + b) — 5] ﬁ()\ + 7).
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It follows that XT = —rb for r = 2,...,7, while the remaining two roots are

gx\/<g+b)2+vglé.

The scalar Riccati equation for B, implies

13 p P\% . _
731ﬁ2—a:§—\/<a+§> +75'¢;

2
g+b:\/<a+§> +75'q.

Substitution gives the eigenvalues stated in the proposition. The condition ¢+0-+vyza(a+p) >

and therefore

0 makes the lower exceptional root negative and the upper exceptional root positive. The

maintained condition b > 0 makes all remaining roots negative. O

C Forcing Processes

This appendix considers the extension in which part of the state is outside the agent’s control.

We retain the state-coupling formulation and set © 7 = 0. Write

ey N
T = , n =ni + ng,

where (1) contains the endogenous states and z(?) contains the forcing processes. The latter

are autonomous and cannot be affected by either () or the action. We impose

All AIQ
OTLQ Xni A22

By

OTLng)

A: 3 B:

Thus z® can affect (V) through A;,, but its own law of motion is exogenous.

Partition the state curvature and interaction matrices as

Qll Q12
= . Oy =
Q [Q21 q]nzl .

Ox11 Ox2
@X,21 9[n2

The scalars § and 6 do not affect the policy for the endogenous state except through the
continuation value associated with the forcing process. They can be chosen sufficiently large

to make () and ) + ©x positive definite whenever ()17 and Q)11 + ©x 11 are positive definite.
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The two Riccati equations are

BoBTU'B'By = Q + pBa + PoA+ A'Bo, (44)
PBI 'B'P=Q+0Ox+pP+ PA+ A'P. (45)

Because BI'"1 B’ is singular, the full equations are no longer standard full-rank Riccati equa-

tions. Their block structure is nevertheless recursive.

PROPOSITION 24. Suppose B;I'"'B] is positive definite, Q1; > 0, Q11 + Ox11 = 0, and the
eigenvalues of —Ayy have real parts below p/2. Choose ¢ and 6 so that Q = 0 and Q+O = 0.
Then equation (44) and equation (45) have unique admissible symmetric solutions. Their

upper-left blocks solve

62,1131F_1Bigz,11 = Qu + 032,11 + 52,111411 + A/11B2,117
PnBlF*lBiPn = Qu +Ox 11 + pPi1 + Pi1An + A} P

The eigenvalues of the aggregate closed-loop matrix are the n; eigenvalues of
Blfle{PH — A11

and the ny eigenvalues of —Ags.

The proposition allows the benchmark results to be applied to the endogenous block.
In particular, the full-rank requirement is imposed on B;I'"' B/, and the effective-curvature
condition is imposed on )11 + ©x 1;. The forcing block contributes its own autonomous

eigenvalues but does not alter the Riccati equation governing the endogenous block.

Proof. (of Proposition 24) Let Z and W be symmetric matrices partitioned conformably

with the state, and consider

ZBU'B'Z =ZA+ AZ+pZ + W,

where ~ _
T A A
0 Aspl|
Set R, = B;I'"!'B]. Since
prip — |0
0 of’
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the quadratic term is
ZnRiZy ZinRiZyo
Zon Rz ZorRiZio

ZBT'B'Z =

Matching blocks gives, first,
InRiZn = ZnAn + g/ule + pZi + Wi

This is an ni-dimensional Riccati equation. Once Z;; has been found, the upper-right block

solves the linear matrix equation
AWDVALES ZHAVIZ + Z12A2 + 11'11212 + pZia + Wha.
Symmetry gives Zy = Z{,. The lower-right block then solves the Lyapunov equation
ZorRiZhg = Zon Ava + 2/12212 + ZgoAgy + Ay Zog + pZag + Wos.

Thus the blocks are obtained recursively: a Riccati equation for Zj;, followed by linear
equations for Zi5 and Zs.

ForZ:B%takeZ:AandW:Q. ForZ:P,takeZ:AandW:Q+@X.
The assumptions on R;, (11, and Q11 + Ox 11 give the unique stabilizing solutions of the
two upper-left Riccati equations. The condition on Ay makes the linear equations for the
remaining blocks nonsingular and ensures that the forcing modes satisfy the admissibility
restriction. This proves existence and uniqueness of the full symmetric solutions.

Finally,

RiPiy — An RyPra — App
0 — Ao

BI'B'P— A=

The matrix is block upper triangular, so its characteristic polynomial is the product of the
characteristic polynomials of the two diagonal blocks. This gives the eigenvalue decomposi-

tion stated in the proposition. [l

D Derivations of Multiproduct Price Setting with Kim-
ball Demand

D.1 Set Up of Static Firm’s Problem

There is a continuum of stores indexed by s € [0,1]. Each store sells n products with price

vector ps = (P1s, - --,Pns). The products within a store are aggregated by a CES subutility,
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whose unit expenditure function is

n 1/(1-7a)
o
a(ps) = (Z%‘(ﬁjs) "d> :
j=1

The conditional demand for product j per unit of the store composite is

T = (afﬁ))_ﬁd =i 5).

Hence, if the household spends e, at store s, it purchases es/a(ps) units of that store’s

composite and its demand for product 7 is

= sy ilay)

Across stores, the household has a symmetric Kimball aggregator C({C;}) defined im-

! C
1:/ T(—S> ds, T>0 7Y'<0,
0 C

where C is the quantity of the store-s composite of the n products sold by store s. The

plicitly by

household has fixed total expenditure E and satisfies

1
/ a(ps)Csds = E.
0

Consider one infinitesimal focal store charging the n-dimensional vector of prices p, while all

other stores charge the common n—dimensional vector P, thus omitting the index s. Let

a(p _ _
p:(p17p27"'7pn)7 P:(P17P27"'7Pn>7 Y= ()7 qETl(l)?
and define the Kimball relative quantity-demand function

D(y) = (1) (¥ ')

The focal store’s composite demand is

oy (28,
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and product-j demand is therefore

cj(p, P; E) = a(i)qD(S((?)) wjd<%) |

Consequently, actual static profit is

[ (p, P; E) = aub;)q—D (s(@];))) >0~ Zj)wid(%) |

J=1

Because E/(a(P)q) is positive and independent of the focal store’s own price vector p, we

work with normalized profit. The static problem for a representative multi-product firm is

o P) = Y (0, — 25 )ed (%) Y (%)

j=1

We let np(y) = _%?;gy) be the demand elasticity, and 7, (y) its derivative with respect to

its relative price.

D.2 Optimal Price Setting

Proposition 1 Consider a firm facing the rest of the firms charging prices given by vector
P. The optimal price p;(P) for each product i satisfies the Lerner condition using the demand

elasticity of the store aggregator:

N4

o (45)
————— foralli=1,...,n (46)
a(p) 1
D (a(P)) -

At this level of generality, the expression in equation 46 should be thought of as a fixed

pi(P) =z

point, since the vector p is on both sides of the expression. Nevertheless, this expression
makes clear that the markups are the same for all products. The proof of Proposition 1 is
in Section D.5. We are interested in the behavior of the firm when it is representative in the

following sense.

Proposition 2 Let p be a vector of prices that satisfies p = p*(p), so it is a fized point of the
optimal price. Let np = np(1). It is simply given by the Lerner formula evaluated at price
one
_ D
Pi = % =
np —1

foralli=1,....,n
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The proof of this proposition is an immediate result from Proposition 1. From this
proposition, a necessary condition for an interior solution is that 77p > 1. For future reference

we define the shares of each product j and the related function g; as:

, 1
Dj 8a(p> and g]<p) = _Sj(p) for all j = 17 o, n

si(p) = o(p) Op, o

Proposition 3 Consider p= P = p, and let D = D(1) and a = a(p). Profits are given by

We note that D = Y~1(1). From now on, we freeze the values of z at a vector z, which
we use to define p. We can differentiate the Lerner condition and evaluate it at p = P = p

to obtain the following.

Proposition 4 Let p be a vector of prices that satisfies p = p*(p), so it is a fixed point of
the optimal price. Let i, = ny(1). Then

i i

9p; (P) —p — VI o5y o Ologpi(p) _ _ Gin-1ip s;(p)
op. i J dlogP; _p__
) 1+ b 8N M e

Note that the matrix dlogp*(p)/dlog P is only symmetric in the case in which all the

shares s; are the same.

D.3 Second Derivatives at Equilibrium Prices

Proposition 5 The cross derivative of the profit function I1(p, P) evaluated at p = P = p
is a symmetric positive semi-definite (resp. megative semidefinite) rank 1 matriz if 7, > 0

(resp. M < 0) given by

% = D(1) a(p) Z—ig(p) g()", where g(p) = (s1(p)/p1, 52(p) /P2 - - -, $u(D)/Pn) "

where s(p) are the shares corresponding to the aggregator a, and 7y, is the derivative of the

elasticity np evaluated at price one.

The proof of Proposition 5 is in Section D.5. The next proposition characterizes the

Hessian.
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Proposition 6 Let p = p*(p). The Hessian of the profit function evaluated at this point is
given by:

O*11(p, p _ _[(np—1 _ 7, N _ . Ji
M:—Da(m) ) {(nD—i—nD —nd> ggT—i—nd diag <g_>]
Opdp D np — 1 i

where D = D(1), and a = a(p).

The proof of Proposition 6 is in Section D.5.

Proposition 7 Let p = p*(p) be a fized point at which the first-order conditions hold for

. . . 277(5 7 ) , P
p = p = P. Consider the own-price Hessian aallg[’)p) and the cross-price matriz aa%i’,p).

Their sum s

O’ (p,p) = O (p,p) Da _ T (G
opop T 0poD . (7o = 1) |(ip —7a) 3G + Ta 1ag<pi>]

where D = D(1), and a = a(p). In particular, this sum does not depend on ijy,, the parameter

that controls the strategic complementarity.

D.4 Log Approximation and Summary

We define the log price deviations, and profits in terms of them as:

(3 K3

; P y
x; = log (Zi) , X; = log (—) ,and IT (2, X) =11 (e“ﬁl, e €5, €Dy eX"ﬁn)
This gives the following expression for the quadratic approximation:

Proposition 8 Assume that 1y > 0 and np > 1. Define the second derivatives as:

- 1 0%I1(0,0) _ 1 0%11(0,0)
©="f00) owor % 00 owox

Then

=/

Q= (p—1) KUD—Ud+ D 1) 55" + diag(si)} :

NMp —

©=—7), 55,

Q+6 = (i —1) [ — )55 + 71a diag(5:)]
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Then Q + © is positive definite, and () is positive definite if and only if % > 1—1np. Finally

o

oxf (X Fo—1)7 ~
1iX) TG Lo §;j foralli,j=1,...,n where 2*(X) = arg max II(z, X)
0X; 1+ 1o @
(Mp—1)7p

The condition for () to be positive definite involves only the elasticity and super-elasticity

of the aggregator. Note that since Proposition 2 implies 77p > 1, the only extra condition is

that 777, cannot be “too” negative. Note that while ax(;)((X) is not symmetric unless 3; = 1/n,

the matrix © is always symmetric. Moreover, the denominator of the expression for 0z} /0.X;

is positive under concavity of l:[(, X), and hence its sign is the same as that of 77},.

D.5 Proofs

In some of the calculations that follow we will denote the ideal price index a(P) simply as

A = a(P), and we define a profit function accordingly, i.e. Let’s denote the profits as:

I(p, P) = n(p, a(P)) where 7(p, A) = é(m — zj)w;d (GIZ;)) D (@)

The derivative of © with respect to p; is given by:
on(p, A) - (D a\ p; Di a\ 1] Oa
B A o) | —w.d (_J)D<_>_J -d(—J>D’<—>—
Opi ;(p] ) [ a A a? M a AJ Al Opi
V! &) (2)1 , (&) (ﬁ)
+ (pi — z)wid <a D 1) + w;d - D Y
which can be written as

O ) DU (S, [ (2) 20 (2) o (5)] 22

+ (pi — zi)wid' %) By <p1> pz‘)

a a

Or(p,A) 0

Proof. (of Proposition 1) The first order condition of this problem for price p; is oo =

or

=X [ (1) (5 B0 (1) 2 (3)3] 5
+ (pi — zi)wid' (%) D (%) 2 b od (%) b <%)
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where a is evaluated at the vector p. We can rewrite this expression as:
pi Oa

Ny pa> A (E)p D(5)alp
;(p] ZJ)WJd(a [ d (%) a+D(%)A a Op;
g (Pi , d (%) pi
+Wzd <_> [(pz zz) d (%) E +pz
or
" (p — zy)wid (2 D' (%) a [
O: C_L + _ 7 + - +
2 = zmd () | D) A [T
or
L) [ D(a) |
0= B+ A—S,p+[—77—|— p’}
Lz M) AN T
Defining u; = pjpjzj:
S,
Py _ T) a _
i = — —Md — o\ 1| T
2 D) A
or
si(p)
ST p(a)a
Hj — A =
Hi = —Nd — o | T
j=1 ui [ D (Z) A
or
|- i s;(p) i D'(%)a N iﬁd
=1 M D(%) A Hi
or
Td - pi—z% | D()a
dd 4 _ si(p)2—20 | —qy — el
i j=1 ) Pj [ D(%) A
so all the markups are the same, say i1 = p;/(p; — 2;)
d Ll D'(f)a
Mg = e+ -
IO
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or

01412 a
aD(5) A
or
_ . DE)a
T DA
Using the definition of p; and A = a(P) we obtain the desired result.

Proof. (of Proposition 3)

Proof. (of Proposition 4)

Let us rewrite the optimal price as p; = z;7(A, z) where A stands for A = a(P) and
where a(p) = (A, 2)a(z)

D (T’(A Z)%?)

r(A, z) = . (r(A,Z)a(j)) _q

In what follows we suppress z and A as arguments of r and z as the argument of a. Differ-
entiating this expression with respect to A

S 1) B Y
! (np (re) — 1)2 A4 A2
_ np(rg (1) [mﬁ ) ri}
(np (r%) = 1) (np (r%) = 1) np (r2) A A2

|
—
3
]
—
=
- =
I —
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Then

e i (r5) N mp (r5) ra
(o (rg) =)o (rg) = A (o (r§) = 1) o (rg) A2
or
o (g
L R )wlE ra
1+ UG ra A’
(mo(r5)=1)mo(r%) 4
Or completing elasticities
o (rg
Ara _ (w(r5)-Umw(rs) ra
r N "7;3<T£ ra A

Evaluating it at p = P = p we have ra/A = 1. Then

,,7/
Ara(A, z) _ oo
r(A, z il
(A2) 14 Gl

Using the chain rule:

o) _ _ Or(A.2) da(p) a(p) Or(A.2) 1 da(p)

= <4 = % A: —
oP; 0A  Op, ri4,z) r(A,z) 0A a(p) Op;
] _ _
_ b <n—D i, da(p)
Pi 1+ 2 a(p) Op;

uls

_ np—1)7n _
=P gi(p)

T Go-Dio

Consistency Check: We use the expression derived in Proposition 4 for 8p* /OP, and the
expressions derived in Propositions 5 and 6 for 215 5p0P aP and to verify that 8p JOP+C =
0. The best response p*(P) satisfies the first-order condltlon VpH( *(P), P) = 0 identically
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in P. Differentiating in P; and using the chain rule,

o1 8pk o1 . o211(p.p) 0P
Z o Zapk 8P apiapj 0’ apdp  HP + ’

where C' = 9%11/9p OP. We verify this identity directly at p = P = p using the closed forms

of Propositions 4, 5 and 6, without inverting 8?—(8’;@.
Recall, with g; = s;(p)/p; and k = 74 b —
D
Tnr) — D(1) a(p) [Xg'g — K0, S—] Cs = Do) 2 gig, 2 _ ey,
Opi 0Pk, 19k ik plQ ) i 77D 1935, 6P] k R
_ _ Na  7p K . b
where Yy =1+ 77 — —— — = and¢c=——with K = ————.
X Nd — Tp b b 1K ) (> — Diin
Contraction. Form (% ap*/ap) =>, 83282[% a—%:

> D(1) [ng Kk — KOk 2} Prcg; = D(l)acgj[xgizgkpk_’f%ﬁi :
K k

s
Two elementary identities close it. First, gppr = —kﬁk = Sk, SO Y . GkPk = Y xSk = L
Pk

i

Second 2 pl - = = G- Hence
LI ) _
(8p8p dp /aP)ij =D(1)acg; [Xgi — /{gi} = D(1)ac(x — k) gig;-
Therefore - )
* = ale(v — Ip
(5p0pap /6P—|—C')ij = D(1)agiy; [C(X K)—I_np]'

The scalar bracket vanishes. Compute k — x:

- 1 y —/ 72— i 4 7
K—X= nnDnD <1+77d_77D_2_D—Z—§>:—77D Zi I

On the other hand,

K Ul _ Mp/MD

C:1+K_'F]D(ﬁD_1)+77/D k=X
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=/
using the previous display. Hence ¢ (y — k) = — 72—D, and the bracket is
Uhs;

)_|_77_D:_77_D_|_77_D:0.

c(x —
D o 1

Therefore a H 8p JOP+ C =0 at p= P = p, confirming that the Jacobian of Proposition 4

is con31stent w1th the Hessian and cross-derivative of Propositions 6 and 5. O

Proof. (of Proposition 5)

O*Il(p, P)  9*m(p,a(P)) da(P)

at a value for p, given P for which O (p, a(P))/0p; = 0 for all j. Moreover, we are interested
in a particular type of P which we label p for which: 0n(p,a(p))/0p; = 0 for all j. Thus,

evaluated at a vector p for which the first order condition holds, we have:

8207;%;1@ - D<a§i)m) (Z@j — %)y (pj> )A2 "o (A) (%SZ)

Hence:

PV - P 0, - chon () o () (5

Jj=1

Imposing that A = a(P) and that P = p gives

P -2 (S (35)) o (B50) (G 52)

7j=1

pzpk/A (; Ak (C@))) o (% 3;;5)) (a@;) 3;;5))

Thus

O*1(p,p) (= pj LT
~apop — PWib (; w;(p; — 2)d (@)) 9(p) 9(p)
where g(p) = (s1(p)/p1,2(p) /P2, - -, 50(P)/Dn)

where s(p) are the shares corresponding to the aggregator a, and 7}, is the derivative of the

40



elasticity evaluated at price one. Now we can use that

i 7_”3_1)2%( : ):pj<%n;1)(np1—1)

b j(nD—l i — 1 1
pjﬁD
thus _ 1 _
_ Dj
w;i(p; — 2 d( ])——pw-d< )
J( J J) a(p) D 77 a(p)
Thus
O*11(p, p) (N ( b >
= =D(1) 2 > pjwsd | == p) g(d)"
o~ P (St (7)) a0t
Mp
= D(1) —2a(p) 9(p) 9(P)"
"D
n
Proof. (of Proposition 6) Since A enters 7 only through D(a(p)/A), write w(p, A) =

D(@) S(p) with
S(p) = Zwk (pr — Zk)d<%) :

Let ux, = pi/a, ap,, = 0a/0p;, pi = pi/(pi — 2;), and write 8 = 74, ¢; = s;/p;. Because
d(u) = u=" and a is the CES index with the same elasticity (3, we have

Si 5,0 pa ds; 1-—p
ap, = —, w;d(u;) = —, Apip. = —— Si(Sk — 0ik) s = $i (i — Sk)-
"op W)= TP pipk (52~ 0u) O D (0. = 51)
Gradient. With = a/A,
O _ @)™ 54+ D@)S,, S, :wid(ui)<1 - ﬁ) ypleg
apl A pi» 2 n a ’

where S, uses u;d'(u;) = —fd(w;) and Y, wi(pr — 2x)d (ur) pr = —faS.

Second derivative. Differentiating in py, with dz/0py = ay,, /A,

8271' " ay.a I ap, ! ap, ' a
— D(x) | B s + Bong + DS, 1+ B, 15, ], ()

Op:iOpy, B

which we label terms (1)—(5).
Fized-point simplifications. At p = P we have x = 1, so D'/D = —fjp and D"/D =
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n% +7ip — 7p. By Proposition 1 the markup is common, y; = 7p, hence (px — 2x)/px = 1/7p,

and, exactly as in the proof of Proposition 5,

S = Zwk(Pk - Zk)d(uk) = _i Zpk wkd Uk Z Sk =
k

o

Moreover the within-store gradient collapses to the aggregator gradient,

spizs"“(1—_ﬂ)+ﬁ 5="2

= Qp,-
Di Uksj Di Di

Since also A = a, we have a,, /A = ¢g; and S,, = ag;.
The five terms. Substituting S = a/7p, Sy, = ag;, the off-diagonal (i # k) contributions
to (x), each divided by the common factor D(1) a g;gs, are

D" S 1 il
): == =(7%4+7p —1, = 1— 22
(1) D 4 (77D +1p 77D) . =1p + D’

D’ 1
(2) : Ay 5 _ (—ip) B— = —B  (the — d; part is diagonal, treated below),

D agigr a

D" Sy,
4): 222 oLy — _9p
@)+ (W) 225 o) = -2y,
s S s

5 : ]_ - - ]_ - —_— —I— _= 2 — — .
(6): A1) —BU-B), +5=20-—

(The term-(5) line collects the three off-diagonal pieces of S,,,,: from 0, [wid(u;)(1 — B/ )],

from 8 p; '0,,s:-S, and from B¢;S,, , using ds;/Opy, = —Bsz( sk) and S/a = 1/7p.) Summing,
—y
(UD+1 ) B — 2nD+(2ﬁ_%>—1+B_ﬁD—_ﬂ—7]—D5X
o 7b

Diagonal. The Kronecker pieces of (2) and (5) combine. The d;, part of (2) contributes
+d;xDaf s;/p?, the & parts of (5) from 9,,(1 — B/w;) = —Bz/p? and from the remaining
diagonal terms of S,,,, combine to —d;,Daf s;/p? — dixDaB z;s;/p}; the first cancels the (2)
piece, leaving only

—0ix D Baz S—;,

Hence P17, p)
b, p _\ — SiSk _ S;
————=D(1)a — i D Ba(p) z —.
Oi0pe (1) a(p) X oo (p) 3

Eliminating z;. As in Proposition 5, (p; — z)/p; = 1/iip gives z/p; = (ip — 1) /iip, so
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Bazs;/p}= 5@7_“;_]’—;1 s;/p?. Therefore, with g(p) = (s1/p1,---,8n/Pn) ",

% = D(l) a(ﬁ) Xg(ﬁ)g(ﬁ)—r — M4 a(ﬁ) D(l)nDn; 1 diag(si(p)>7

as claimed. =

Proof. (of Proposition 7) At the fixed point the two CES identities S = >, wi(pr —
2k)d(pr/ a) =a/np and S,, = ap reduce the five-term Hessian to the rank-one-plus-diagonal

form for ZIL: the cross matrix = 07 47 - ap, evaluates to D (a/7ip) 7 sisk/(pipr). Both

ap a ; a aP
share the common prefactor Dagg', so adding the rank-one loadings gives \ + 7}, /iip =

1 +7q — p — Na/TNp, which factors as —(7p — 1)(7p — 7a) /7ip. The diagonal cost term comes

from gg alone.

Lemma 1 Let 5 € R” satisfy > ;5 = 1 and §; > 0 for all i, let 7j; > 0, and let v € R.
Define

Q = v355' +igdiag(s).
Then Q is positive definite if and only if v + 74 > 0.

Proof. For any x € R", the quadratic form associated with @ is
v'Qr = v(s'2)? + 74 Z 5,27, (47)

Sufficiency. Suppose v + fj; > 0 and take any z # 0. First note that Y. | §a? > 0,
since 5; > 0 for all i and z? > 0 for at least one i. If v > 0, both terms in equation (47)
are nonnegative and the second is strictly positive, so ' Qx > 0. Suppose instead v < 0.

Writing §;x; = v/3; - /3 x; and applying the Cauchy—Schwarz inequality,

= (Zﬁ(ﬁx)) < (Zs)(st2> = 2l (48)

where the last equality uses > | §; = 1. Since v < 0, multiplying equation (48) by v reverses
the inequality, and substituting into equation (47) gives

n n n
=1 i=1 =1

Hence 2" Qx > 0 for all  # 0, i.e. Q) is positive definite.
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Necessity. Suppose v + fjg < 0. Evaluate the quadratic form at z =1 = (1,...,1)T # 0.
Since §'1=3",5 =1,

1'Q1 = v(s' 1)+ 5 = v+ia <0,

i=1
so @ is not positive definite. This proves the claim. m

Now we can prove Proposition 8.

Proof. (of Proposition 8) The proof uses that by definition of I,z and X we have:

i) 00 OO0 )

ox dp
M(p,p) Q = —% — — diag(7) % diag(p:) - %ﬁ’p) diag( 7
) P )
I(p,p)© = —% = - diag(@) % diag(@)

where the expression for () uses that the gradient vanishes due to the first order conditions.
Using the expressions in Propositions 6 and 7 for the matrices of second derivatives of II,
and of g we obtain the desired results for the expressions.
For the positive definiteness of () and ) + © we use Lemma 1 as well as the maintained
p
p—1
> 0, which under the assumption that p > 1 is equivalent to the

assumptions that 7y > 0 and that np > 1. For @ set v = np — g +
p
p—1 "
condition in the proposition. Again using that np > 1, @) and ) are proportional to each

so v+ g > 0is

equivalent to np +

other. For () + O note that v = fjp — 74 so v + 7y > 0 is the same as 7jp > 0. Thus, using
again that p > 1, we have that @) + © is proportional to Q.
]
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