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Abstract

We study the relation between strategic complementarities and aggregate per-
sistence in linear-quadratic mean field games with interactions in states and
actions. The framework provides local approximations to common macroeco-
nomic problems, including capital accumulation and multiproduct pricing. We
show that the equilibrium aggregate dynamics coincide with those of a single-
agent linear-quadratic control problem in which state and action curvatures are
adjusted for strategic interactions. This result gives conditions for equilibrium
existence, establishes uniqueness, and links strategic interactions to aggregate
adjustment. We establish conditions under which stronger state complemen-
tarities increase persistence, while stronger action complementarities reduce it,
even in multidimensional problems whose underlying matrices are not simul-
taneously diagonalizable. Under these conditions, internalizing state comple-
mentarities makes the utilitarian planner’s allocation more persistent, while
internalizing action complementarities makes it less persistent. Aggregate-only
payoff terms can reinforce or offset these effects. With common shocks, we give
conditions under which individual and aggregate dynamics can be combined to
identify strategic interactions and model parameters. Finally, we extend the
analysis to interactions through higher moments of the state distribution.
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1 Introduction

Strategic complementarities are a common source of amplification and persistence
in macroeconomic models. In dynamic environments with many interacting agents,
however, it is not immediate how the strength of these complementarities maps into
aggregate adjustment, how they affect the planner’s allocation, or what can be learned
about them from individual and aggregate data. Equilibrium dynamics combine the
adjustment inherent in each agent’s problem with the feedback that operates through
aggregate states and actions. We study these forces in a tractable class of linear-
quadratic mean field games (LQ MFGs), which provide a local approximation to
many standard problems in macroeconomics.

We study a continuum of infinitesimal agents who choose actions that affect the
drift of an individual state. Agents face idiosyncratic shocks, and we later allow for
aggregate shocks. Payoffs depend on the agent’s own state and action and on the
corresponding cross-sectional averages. Given paths for the aggregate state and ag-
gregate action, each agent solves a linear-quadratic control problem in which these
aggregates enter through cross terms with her own state and action. As in famil-
iar games, such as monopolistic competition, each agent takes aggregate objects as
given when making her decision. Equilibrium requires individual optimality and
consistency between the conjectured aggregate paths and those implied by the cross-
sectional distribution. The cross derivatives between individual and aggregate states
and actions determine whether each interaction exhibits strategic complementarity
or substitutability.

We begin by showing that aggregate equilibrium dynamics coincide with those of
a familiar single-agent control problem. Given paths for the aggregate state and ag-
gregate action, the individual value function is quadratic in the individual state, and
aggregating optimal policies gives a finite-dimensional state—costate system. Once
equilibrium consistency is imposed, the aggregate dynamics are characterized by the
algebraic Riccati equation of a single-agent linear-quadratic regulator, with the state
and action curvature matrices ) and I' replaced by QQ +©x and I'+ 0O 5. Strategic in-
teractions therefore enter the equilibrium by changing the effective curvature of states
and actions, without changing the structure of the control problem that determines
aggregate dynamics. The same reduction also accommodates cross terms between

states and actions.



This result allows us to bring standard tools from linear-quadratic control directly
to the equilibrium problem. We use them to establish uniqueness, derive conditions
for existence, and characterize comparative statics of equilibrium dynamics. There is
at most one equilibrium whose closed-loop matrix, which governs aggregate dynam-
ics, has eigenvalues with real parts below p/2, where p is the discount rate. Using
the associated Hamiltonian matrix, we derive a necessary condition for a symmetric
Riccati solution and a convenient sufficient condition for existence. In one dimension,
the strict version of the necessary condition is also sufficient and gives an explicit
threshold involving both state and action interactions. Existence is distinct from
convergence: the eigenvalue restriction allows an equilibrium path to grow, provided
that it does so slowly enough to satisfy the model’s discounted integrability condi-
tions.

We next study how strategic interactions affect aggregate persistence. Under our
sufficient conditions for existence, stronger complementarity in either states or ac-
tions makes the stabilizing Riccati solution less negative definite, holding the rest of
the model fixed. Their effects on aggregate dynamics nevertheless differ: stronger
state complementarity raises the trace of the closed-loop matrix, while stronger ac-
tion complementarity lowers it. In stable equilibria, state complementarity therefore
slows the contraction of the volume of a set of initial aggregate states, while action
complementarity speeds it up. These comparisons do not require the underlying ma-
trices to be simultaneously diagonalizable, but they do not order every eigenvalue.
A two-dimensional counterexample shows that individual eigenvalues can move in
opposite directions. We then give additional conditions under which the compari-
son holds for every eigenvalue: a symmetry restriction on the transformed drift is
sufficient for state interactions, while an exogenous drift matrix proportional to the
identity gives closed-form eigenvalues and comparative statics for both interactions.
Under the latter restriction, stronger state complementarities make every mode of a
stable equilibrium more persistent, as agents have less incentive to return to steady
state while others remain away from it. Stronger action complementarities have the
opposite effect, encouraging agents to adjust when others do.

We use two examples, chosen to highlight important features of the framework,
to show how the interaction terms arise in familiar economic environments and how
the general results help interpret their dynamics. The first is an industry equilibrium

with capital accumulation. Decreasing returns and CES demand generate strategic



complementarity in states, while an upward-sloping supply of investment goods gen-
erates strategic substitutability in actions. The second is a multiproduct price-setting
model with CES demand within stores, Kimball demand across stores, and Rotem-
berg adjustment costs, a structure commonly used in macroeconomics. In this case,
the matrix of static best responses is generally not symmetric when products have
different expenditure shares, but the interaction matrix that enters the equilibrium
problem is symmetric. The example also shows that the superelasticity of demand
affects both the curvature of the firm’s own problem and the strength of strategic
complementarity, but cancels from the effective curvature governing equilibrium dy-
namics. Thus, stronger static complementarity need not imply greater aggregate
persistence. More generally, the effect of a change in demand or adjustment costs
on aggregate persistence depends on how it changes the adjusted curvature matrices
Q +Ox and I' + © 4z, rather than on its effect on the interaction terms or static best
responses alone.

We then turn to the utilitarian planner. The planner internalizes the effect of
each agent’s state and action on the corresponding aggregates, doubling the inter-
action terms in the first-order conditions. It also accounts for payoffs that depend
only on aggregates. The planner’s allocation therefore corresponds to a decentralized
equilibrium with interaction matrices 20 x+A x and 20 z+A 7, where the A terms cap-
ture these aggregate-only payoffs. This characterization allows us to compare planner
and decentralized adjustment using the same comparative statics. Internalizing state
complementarities increases persistence, while internalizing action complementarities
reduces it. The aggregate-only terms can reinforce or offset these opposing effects.

We next introduce aggregate shocks and use the recursive formulation to study
identification. With common noise, the value function depends on both the individ-
ual and aggregate states, but the Riccati equation governing aggregate dynamics is
unchanged. Writing the individual state as the sum of the aggregate state and a
deviation from the cross-sectional mean separates aggregate from idiosyncratic dy-
namics. The law of motion for the deviation, and the corresponding action net of its
cross-sectional average, do not depend on either interaction matrix. Thus, removing
aggregate variation from individual states and actions also removes the information
needed to identify strategic interactions. In contrast, aggregate dynamics do con-
tain information about these interactions. We show how aggregate and individual

dynamics can be combined to identify the state interaction and other parameters of



the model. The state and action interaction matrices, however, cannot be separately
identified without an additional normalization or outside information.

Finally, we extend the analysis to interactions through an arbitrary finite number
of moments of the state distribution. For simplicity, we consider a one-dimensional
state and allow payoffs to depend on the moments of its cross-sectional distribution.
Around a symmetric zero-mean invariant distribution, the local dynamics retain the
structure of the scalar benchmark. The coefficients on odd moments affect local
persistence through a single effective interaction term, while the coefficients on even
moments can affect transitional dynamics without changing the local eigenvalues.
Because the weights on the odd-moment interactions depend on the invariant distri-
bution, idiosyncratic risk can also affect aggregate persistence. The framework can

also accommodate exogenous forcing processes, which we develop in the appendix.

Literature Review The mean field games framework developed by Lasry and Li-
ons (2007) has advanced the study of dynamic games with a continuum of agents.
Their formulation consists of two coupled partial differential equations: a Hamilton—
Jacobi—Bellman equation for individual optimization and a Kolmogorov forward equa-
tion for the evolution of the state distribution. This approach makes it possible to
analyze individual decisions and the evolution of the entire cross section within the
same system. Achdou, Han, Lasry, Lions and Moll (2017) use this formulation to
study income and wealth distribution in heterogeneous-agent macroeconomic mod-
els. Several contributions in mathematics study linear-quadratic mean field games.
Caines (2009) provides an early overview of this literature. Bardi (2012) studies
linear-quadratic N-person games and their mean field limit with ergodic costs in a
one-dimensional setting. The paper characterizes stationary equilibria through an
algebraic Riccati equation, allowing for both strategic substitutability and comple-
mentarity. Bardi and Priuli (2014) extend several of these results to the n-dimensional
case. Tchuendom (2018) studies how common noise can restore uniqueness in a class
of linear-quadratic mean field games. Bensoussan, Sung, Yam and Yung (2016) ana-
lyze equilibrium existence and uniqueness and compare mean field games with mean
field control problems (see also Graber, 2016), while Huang and Yang (2021) study
linear-quadratic mean field social optimization. Part of our equilibrium characteriza-
tion builds on this literature, particularly the reduction of equilibrium to an algebraic

Riccati equation. Our use of linear-quadratic methods to study dynamic economic



models also builds on Hansen and Sargent (2013). We adapt classical results from
linear-quadratic control in the undiscounted setting, notably those of Kucera (1973)
and Wimmer (1985), to derive conditions for equilibrium existence and uniqueness
and comparative statics for the stabilizing solution.

We make four contributions to this literature. First, we establish conditions un-
der which stronger complementarities in states and in actions have opposite effects on
aggregate persistence. In multiple dimensions, we separate results for volume contrac-
tion from stronger comparisons of individual eigenvalues. These results do not require
simultaneous diagonalization, and the equilibrium characterization does not rely on
the Lasry—Lions monotonicity condition. Second, the same characterization allows
us to compare decentralized and planner adjustment. Third, we show why demeaned
states and actions contain no information about either interaction matrix and give
conditions for identification using individual and aggregate data, given a normaliza-
tion of the action interaction. Fourth, we extend the local analysis to higher-moment
coupling and show how it allows idiosyncratic risk to affect aggregate persistence.

Our economic applications relate to work on strategic complementarities arising
from pecuniary externalities (Acemoglu, 1996) and technological externalities (Baxter
and King, 1991; Romer, 1986; Cooper and John, 1988). Related work studies how
strategic complementarities can generate aggregate fluctuations (Kaplan and Menzio,
2016). The capital-accumulation example distinguishes interactions through the re-
turn to holding capital from interactions through the cost of investment. The latter
have an empirical counterpart in Goolsbee (1998), who documents that investment
incentives raise capital-goods prices. In our example, an upward-sloping supply of
investment goods generates strategic substitutability in actions. We show how this
interaction affects industry dynamics, separately from the adjustment costs faced by
individual firms.

The pricing example combines two commonly used ingredients in macroeconomic
models: Kimball demand and Rotemberg adjustment costs (Kimball, 1995; Rotem-
berg, 1982); see, for example, Santoro and Viviano (2022) for a model using both.
Closely related to our analysis, Alvarez, Lippi and Souganidis (2023) study price set-
ting with strategic complementarities as a mean field game. We study smooth rather
than lumpy adjustment and characterize equilibrium dynamics through adjusted state
and action curvatures. Klenow and Willis (2016) and Burstein and Hellwig (2007)

study pricing complementarities and monetary propagation, while Bagaee, Farhi and



Sangani (2024) emphasize heterogeneous markups, pass-through, and reallocation.
Afrouzi and Yang (2021) use a dynamic linear-quadratic-Gaussian framework to study
pricing and monetary propagation under rational inattention. The multiproduct set-
ting also relates to models of joint price adjustment (Midrigan, 2009; Alvarez and
Lippi, 2014; Blanco, Boar, Jones and Midrigan, 2025, 2026). In the multiproduct
application, we show that even when static best responses are nonsymmetric, the
payoff interaction matrix is symmetric, so our characterization still applies. We also
show that stronger static pricing complementarities need not imply greater persis-
tence: the superelasticity changes both individual curvature and the interaction term
but cancels from @ + Ox.

Our identification results relate to the missing-intercept problem in using cross-
sectional evidence to study aggregate effects. Chodorow-Reich (2020) discusses why
cross-regional estimates need not recover aggregate effects when shocks generate
spillovers across regions or induce responses in national variables. Beraja, Hurst and
Ospina (2019) show how regional and aggregate data can be combined to discipline
a macroeconomic model, while Wolf (2023) gives conditions under which aggregate
evidence recovers general-equilibrium effects absent from cross-sectional estimates.
In our model, the distinction between individual adjustment and aggregate feedback
makes clear what is lost when common variation is removed: neither interaction ma-
trix enters the dynamics of demeaned states and actions. We then give conditions
under which individual and aggregate dynamics can be combined to identify the state
interaction and other parameters of the model.

The rest of the paper is organized as follows. Section 2 presents the model without
aggregate shocks, and Section 3 develops the capital-accumulation and multiproduct
price-setting examples. Section 4 characterizes equilibrium and studies existence,
uniqueness, and aggregate persistence. Section 5 studies the utilitarian planner’s
problem. Section 6 introduces aggregate shocks, and Section 7 uses the recursive
equilibrium to study identification. Section 8 extends the analysis to interactions
through higher moments of the state distribution. Section 9 discusses the scope and
limitations of the framework. Section 10 concludes. The appendix contains proofs,
additional derivations, and extensions with state—action cross terms and exogenous

forcing processes.



2 Mean Field Game Setup without Aggregate Shocks

We formulate the model in multiple dimensions for two reasons. First, it maps nat-
urally into many problems in macroeconomics and international economics, in which
firms set several prices, accumulate different types of capital, or allocate activity
across locations. These decisions are interrelated through returns, adjustment costs,
and strategic interactions, and the matrices governing these links need not be simulta-
neously diagonalizable. As a result, adjustment involves not only how fast aggregate
activity changes, but also how it is reallocated across dimensions and whether different
combinations of states adjust at different speeds. Second, we show that the frame-
work remains tractable in multiple dimensions, even though symmetry and stability
conditions must be adapted to the matrix setting. The linear-quadratic structure al-
lows us to retain these cross-dimensional links while characterizing equilibrium with
finite-dimensional matrix equations rather than solving over a large state space.

Let 2 € R™ denote the individual state and a € R¥ the individual action, with

cross-sectional averages X € R” and A € R*. The general quadratic period return is

F(z,X,a,A) = —12/Qz — X'Oxz — 1a'Ta — A'0 za
+2'Ca — X'Oxoa — 'O p 1A (1)
S IXAXX — LANAA — X' A A

The matrices (Q and O x are n x n, while I' and © 7 are k x k; (Q and I" govern the
curvature of individual returns, and © y and © 7 the interactions with the correspond-
ing cross-sectional averages. The matrices Ax and A 7 are nxn and k x k, respectively,
and we take them to be symmetric without loss of generality. The matrices C, ©x,,
O..7, and Ax 7 are n x k.

Equation (1) includes all quadratic terms in a second-order approximation of a
general period return.! As we show below, equilibrium can be characterized using
a symmetric Riccati equation. This structure is preserved in the general quadratic
specification when © x and © 4z are symmetric and Oy, = ©,.7.? These conditions do
not require the matrix of static best responses to be symmetric, as illustrated by our

multiproduct pricing example below. Importantly, neither restriction is needed for

' As is standard in linear-quadratic control theory, we omit constant terms, which do not affect
optimal choices, and linear terms, which affect steady-state levels but not the dynamics of deviations
from steady state.

2We discuss these conditions in Section 9.



the planner; the Hamiltonian structure of the planning problem yields a symmetric
Riccati equation.

For ease of exposition, we set C' = Ox, = 0,47 = 0 in the main text. The
symmetric Riccati characterization extends to the general specification under the
stated symmetry restrictions, as shown in Appendix B. Finally, terms depending
only on aggregates do not affect individual choices or decentralized equilibrium. We
therefore omit them from the decentralized problem but retain them in the planner’s
objective in Section 5.

The benchmark period return and aggregate consistency conditions are therefore

F(z,X)+ R(a, A) = —32'Qx — X'Oxx — 1T — A'O 50, (2)
X = /xm(m) dz, A = /a*(x)m(x) dx.

The density m describes the cross-sectional distribution of states, and «, denotes

the optimal policy. The state follows
dr = p(x,a)dt + $V2dW = (Ba — Az)dt + V2w,

so the drift is linear in (z,«), where A is n X n, B is n x k, and W is an n-
dimensional standard Brownian motion. The covariance matrix of the state innova-
tions is .3

The agent discounts at rate p > 0. Taking paths {X(s), A(s)}s>¢ as given, her

value function v : R” x R, — R is given by

u(x,t) = max h e Pt (s S ofs s)) | z(t) = x|ds
(w0) = x| A (F(a(s), X(5) + Bla(s). A() | a(t) = o] d
subject to  dz(s) = (Ba(s) — Ax(s))ds + ZV2dW (s).

We maintain the following assumptions.

Assumptions AM.

1. p>0;

3 At several points below, we use the scalar case to make the intuition behind the main results
easier to follow. In the scalar case, we specialize to n = k = 1 and write Q = ¢, A = a, B = b,
I'=~v,0x =0x,and © 5 =605. We assume v+ 07 > 0.



2. () and I' are positive definite and ¥ is positive semi-definite;
3. B has full row rank, so BI'"' B’ is invertible; and
4. Oy and O 7 are symmetric.

These conditions imply detectability and stabilizability for the uncoupled problem.

PROPOSITION 1. Under Assumptions AM, the pair (Q,—A — £1,) is detectable
and the pair (BI'"1/2,—A — £],) is stabilizable. Hence, when Oy = 67 = 0, the

single-agent problem has a unique finite time-invariant quadratic value function.

Strategic Complementarity and Substitutability. From equation (2), the cross
derivative between own and aggregate states is —O x, and the cross derivative between
own and aggregate actions is —0© 7. We say that states are strategic complements
when —O©x is positive definite and strategic substitutes when it is negative definite.
Likewise, we say that actions are strategic complements when —© 7 is positive definite
and strategic substitutes when it is negative definite. Thus, in the Loewner order,
a decrease in either interaction matrix represents greater strategic complementarity,
while an increase represents greater strategic substitutability.*

We note that the Lasry—Lions monotonicity condition for the state coupling used in
Mean Field Games is equivalent to —O x being negative semi-definite. Our uniqueness
result does not require this condition and applies even when states are strategic

complements.

MFG as Coupled P.D.E.’s. The HJB equation implied by the optimality of the

value function is given by
pu(z,t) = =12/ Qr— X (t)'Oxa+H (uy(z,t), 2, A(t)) + 5 tr(Sugs(z, 1) + (2, t). (3)
where the Hamiltonian H : R?" x R¥ — R is given by:

H(p,x, A) = m%Rf{R(a, A)+p (Ba— Ax)} = max {-1dTa - A'© 0 +p (Ba— Azx)}
ac (e 7S]
(4)

4The Loewner partial order compares matrices by saying that O, is larger than O, if /02 >
2'@92 for all nonzero vectors z.




The variable p is the marginal value of the state, and ., (p, A) denotes the maximizing
action. Note that, by the envelope theorem, the drift is given by the derivative of the

Hamiltonian evaluated at the optimal action:

p(a(p, A),z) = Hy(p,z, A) .

The same optimal drift determines how the cross-sectional distribution evolves. De-

noting the density of = at time ¢ by m(x,t), the Kolmogorov forward equation is
my(z,t) = — div(Hy(ug(z,t), x, A(t))m(z, 1)) + 5 tr(S mga(z,t)),

with m(z,0) = mg(x).> The compact notation for divergence div means:

div(Hp(uy(z,t), z, A(t))m Z o H,, (uy(z,t),z, A(t))m(x,t)

where each H,,(-) is the derivative of the Hamiltonian with respect to p; and where

tr(X myq(x,t)) ZZawmxlx] x,t)

=1 j5=1

The aggregate consistency conditions are

X(t) = / em(e, de, AL = / ot (1), A ())m(x, )dz for all £ > 0. (5)

The aggregate paths taken as given in the individual problem must therefore
coincide with those generated by optimal behavior and the resulting cross-sectional
distribution. We state the standard definition of an equilibrium as a forward-backward

system of value function, density, and their consistency conditions.

DEFINITION 1. An equilibrium for the Mean Field Game given myg is a (finite)
value function u and a density m for all ¢, z, and time paths for X and A satisfying
equation (3)-equation (5), the initial condition, and the boundary conditions stated

in Appendix A.1.

5In the scalar case, writing ¥ = ¢2, the diffusion term in the HJB becomes %azum, while the
Kolmogorov forward equation becomes m; = —(Hp(ug, x, A)m), + %azmm.
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3 Examples

In this section, we show how the linear-quadratic structure arises in familiar economic
problems. The first example is one-dimensional and features strategic complemen-
tarity in states together with strategic substitutability in actions. The second is a
multidimensional model of multiproduct pricing that can feature either strategic com-
plementarity or substitutability in states. This example also shows that, even though

the problem is not symmetric, the relevant matrix © y is symmetric.

3.1 Capital Accumulation in an Industry Equilibrium

Consider a continuum of monopolistically competitive firms. A firm with capital k
produces k¥, where 0 < v < 1. A constant-returns sector aggregates differentiated
goods with elasticity of substitution n > 1. If all other firms have capital K, the focal

firm’s operating profit, in units of the numeraire, is proportional to

Ik, K) = kvU- 1/ v, (6)
Capital evolves according to

dk = (1 — 0k)dt + kodW.

The firm chooses investment i, capital depreciates at rate d, and o is the volatility
of the shocks. The firm purchases investment at price @(I), where I is aggregate

investment, and pays the convex adjustment cost 1(7).5 Aggregate investment is

1) = / i (. £ym(k, £)dk.
The firm’s HJB is

pV(k,t) = max (k, K(t)) —iP(1(t)) — (i) + Vi(k,t)(i — 0k)

+ %k20’2‘/kk<k‘7 t) + ‘/t(ka t)

6 Allowing adjustment costs to depend on capital, (i, k), as in Cooper and Haltiwanger (2006),
can generate the cross term zCa in the quadratic approximation. In particular, 1;; (7, k) < 0 implies
C > 0: a larger capital stock lowers the marginal adjustment cost of investment. We analyze this
extension in Appendix B.
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Let i = 6k denote the deterministic steady-state level of investment, normalize
®(i) =1 and ¢'(i) = 0, and define percentage deviations
k—k K —k i— ok I -k

X=—-" _ _
) k ) a 5]{: ) ﬂ

A second-order approximation of returns around (k, K,i,I) = (k, k,1,4) has the form
in equation (2). Terms that depend only on aggregate variables do not affect the
firm’s choices, while the linear terms are absorbed by the steady-state conditions and
the linear part of the value function (see Appendix A.2). Normalizing the objective
by II(k, k), the scalar coefficients are

E 0 (K, k) E g (k, k)
=, Ox = —

T(k, k) (k, k)
8R! (6K) g _ CRP(6F)
Tk k) Tk, k)

The normalized state equation is dz = é(a — )dt + odW to first order, so a = b =0

in the scalar notation used below.” Direct differentiation of equation (6) gives

n—1
q=v 7 (1 —v)+v) >0,
— 12
GX:—U—V—<O,
non
—1
q+9X:77 v(l—v)>0.

Higher aggregate capital raises the marginal return to a firm’s own capital, generating
state complementarity. This interaction partly offsets the curvature of individual
profits, but decreasing returns keep g+ 0 x positive. If the supply of investment goods
is upward sloping, greater investment by other firms raises the price the firm pays to
invest. This generates substitutability in action through 6 7 > 0. This example shows
that in a simple well-studied economic problem strategic complementarity in states

and substitutability in actions arise naturally.

"We take deviations and o to be of order €, so the omitted term ox dW is second order.
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3.2 Multiproduct Price Setting with Kimball Demand

In this example there is a continuum of firms, denoted as “stores” which compete by
setting prices of n products. Each store sells n products with constant marginal costs

zj. Products within a store are aggregated with a CES price index

n 1/(1—7q)
) = (zwjp;—w) |
j=1

so conditional product demand is proportional to w;(p;/a(p))~". Across stores, de-

mand is generated by a symmetric Kimball aggregator C satisfying

1 Cs
1:/ T(—) ds, >0, YT'<O0.
0 C

The index s denotes a store, C* is consumption of its composite good, and C is
aggregate consumption. Let p be the store’s price vector and P the common price

vector of other stores. Profits are proportional to

G, P) = 30, — 2t (L2 ) 0 (42, )

‘= a(p)

where d(y) =y~ and
D(y) = (Y) "' (yT'(q))-

Define the store-demand elasticity np(y) = —yD’'(y)/D(y), and let 7p and 77}, denote
its level and derivative at y = 1. The flexible-price equilibrium satisfies
___ 7
bi=zZ—7,
p — 1
with 7p > 1. Let x and X denote log deviations of p and P from p, and let ﬁ(x, X)
denote equation (7) expressed in these deviations. The state curvature and interaction

matrices are

1 0%11(0,0) 1 0%11(0,0)
Q = = ) @X = T = .
11(0,0) Ozdx 11(0,0) 0z0X

13



Writing s; for the steady-state expenditure share and 5 for the associated column
vector gives

=/

Q= (7p —1) KﬁD — g+ —1D 1) 55 + ﬁddiag(sfi)] ,

Np —

p—
Ox = —17pss,

Q+Ox = (Mp — 1) [(Mp — 74)55" + 7q diag(5;)] .

The matrix @ is positive definite if and only if 7,/7p > 1 — 77p. The matrix O
is negative semi-definite when 777, > 0 and positive semi-definite when 77, < 0.5 By
contrast, () + O x is positive definite and independent of 77j,. This cancellation follows

from the static profit function. At X = 0, the static best response has derivative

Mp
oxrs(X np — 1)n
xz( ) — _j (nD _/>?7D , 7,,] = 1,...,71.
an 1_|_ Ubs)
(7p — 1)7p

The matrix above need not be symmetric and, in general, is not symmetric when
products have different expenditure shares. Importantly, both its sign and the sign
of ©x depend on the superelasticity, while the effective curvature @ + O x, which will
determine the equilibrium Riccati equation, does not. At the same time, although

X, 18 generally nonsymmetric, the interaction matrix Oy is always symmetric.

This distinction will be important for the equilibrium analysis, since the symmetry

92X We return to the role of

required by our general results applies to © x, not to 2 o,
Q + ©x after deriving the equilibrium characterization. Details of the multiproduct
derivation are in Appendix A.3.

Finally, in this example stores have to pay quadratic “Rotemberg” adjustment
costs to change prices. Thus, «; is simply the percentage (log) change in the price
of product 7. The matrix [' allows the Rotemberg price adjustment cost to depend
on individual product prices as well as on bundles of products. Adjustment costs
that depend on bundles are important in Midrigan (2009), Alvarez and Lippi (2014),
and Blanco, Boar, Jones and Midrigan (2024). With constant marginal costs, A =0
and B = I,,. Section 4.3 considers an extension with common cost inflation, using

the relative-price variables and adjustment costs defined there. In this example,

8This example allows for weak strategic complementarity and substitutability.
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there is no aggregate-action interaction, so © 7 = 0. The use of Kimball demand in
price-setting models is quite common because strategic complementarity can generate
additional propagation, as in Dotsey and King (2005), Smets and Wouters (2007),
Klenow and Willis (2016), and Alvarez, Lippi and Souganidis (2023), with some
models featuring state-dependent price adjustment and others time-dependent price

adjustment. We return to this property after deriving one of our main results.

4 Analysis of the MFG without Aggregate Shocks

We first solve the agent’s problem for given paths of the aggregate state and aggregate
action. We then aggregate the optimal decision rules and characterize an equilibrium
as a saddle path of a finite-dimensional dynamical system. The resulting Riccati

equation makes clear how the two forms of interaction affect equilibrium dynamics.

4.1 The Individual Problem and Aggregation

For later use, the Hamiltonian in equation (4) can be written explicitly.

LEMMA 1. Hamiltonian. For p € R",

a,(p, A)=T""(B'p—-0,1),
H(p,z, A) = 5 (B'p = 05 A) T (B'p = O3 A) — § ( Az + &' A'p),
Hp<paa‘7ﬂ) - Bril (B/]) - @;{ﬂ) — Ax.

Given paths { X (t), A (t) }+>0, the individual problem is a time-varying linear-quadratic

regulator. The value function is therefore quadratic in x:

u(z,t) = fo(t) + Ai(t)'z + 32'Ba(t)z, (8)

where f(5(t) is symmetric. Substituting equation (8) into the HJB and matching the
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constant, linear, and quadratic terms gives

Bo = pBo — s (B'B — ©12) T (B'f — ©24) — $tr(2p,), (9)
B = (pI, + A)B1 +OxX — BoBI ' BBy + 5. BI 'O 4 A, (10)
B =Q — BoBT'B'By+ B2 A+ A'By + pa. (11)

Equation (11) is autonomous and does not depend on either interaction matrix. Thus,
this is also the solution of the stationary LQ agent problem, where the only concave
solution is the stationary minimal solution to this Riccati equation, which we denote

by B. Since the agent problem is also concave, this must then be the same solution,

ie [a(t) = Ba.

PROPOSITION 2. In any equilibrium, £5(t) = B, for all ¢ > 0, where 3, is the unique

negative definite solution of

BoBT ' BBy = Q + pfa + B2A+ A'Bo. (12)

Notice that equation (12) does not depend on either interaction matrix. Taking
the aggregate paths as given, strategic interactions affect 3;(¢) but not the curvature
of the value function, 3. Thus, B, governs individual adjustment relative to the ag-
gregate, while the interaction terms enter when we impose the equilibrium consistency
conditions.

The optimal action is
auo,t) = TV [B' (Bu(t) + o) — ©2A(1)] .

Integrating this expression with respect to m(z, t) and using the consistency condition

for aggregate actions yields
A(t) =T +6,)" B (Ai(t) + BX(1). (13)

where we assume that I'+© 4 is invertible. Equation (13) shows how the action inter-
action enters the aggregate problem. At the individual level, I governs the curvature

of the action cost and © 7 governs the response to the aggregate action. Imposing
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consistency on aggregate actions combines the two into the effective curvature I'+0 4.

PROPOSITION 3. Assume I'+ © 7 is invertible. Then f;(t) must satisfy the following
linear o.d.e. given a path {X(¢)}:

i) = (pha+ A" = B [BL + ©.2) 7' B]) Ai(t)
+ [Ox + B2 (BI'B' — [B(I' + ©.2) ' B]) B2] X(1).

Next we obtain a constant coefficient o.d.e. for X (¢) given the path of {£;(¢)}.

PROPOSITION 4. Assume I'+ © 7 is invertible. Then X (¢) must satisfy the following
linear o.d.e. given a path {3;(t)}:

X(t) = [BO+02) 7 'BA(t)+ (—A+ [BT +02)"'B'] B2) X(t).

An informal derivation of this equation is as follows. Start with the individual
law of motion dx(t) = [Ba(z,t) — Ax(t)]dt + X/2dW and integrate across agents
using the density m(z,t). By a law of large numbers, the idiosyncratic dIW terms
average to zero. Using the definitions of X (¢) as the average state and A(t) as the
average optimal action gives X (t) = BA(t) — AX(t). Substituting the expression
A(t) = (L + O04)7'B' (Bi(t) + B2X(t)) obtained above yields the desired equation.
We give a rigorous proof using the Kolmogorov forward equation in the appendix.

We can collect the two o.d.e.’s obtained in Proposition 3 and Proposition 4 into a
2n system of constant coefficient o.d.e’s which has the interpretation of a state—costate

system:

4l

% =
(14)

This o.d.e. system has the initial condition X (0) = [z m(x,0)dz, but no initial

condition for 5;(0). Indeed, $; must be solved for as a function of X. In particular,

pl, + A" — 3[BT +04)"'B'] Ox + Bo(BI'B' — [B(I' +6.4) ' B])p;
[B(T'+ ©4)" 1B —~A+[B( +04)"'B' 53,

Vv
H

Kl

once (1, X) and A have been found, equation (9) determines 5y. The eigenvalues

associated with the relevant solution of equation (14) must have real parts below p/2
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so that the discounted value fy(t) is finite. We turn to this next, but first note a

result about the eigenvalues of #.
Because ©x, BI'B', and [B(T' + © 1) ' B'| are symmetric, # — £1, is a Hamil-

tonian matrix. The eigenvalues of # are therefore symmetric around p/2.

ProposiTION 5. If X is an eigenvalue of #, then p — A, A", and p — \* are also

eigenvalues, where * denotes complex conjugation.

This is a well-known result; see Lancaster and Rodman (1995).

4.2 The Equilibrium Riccati Equation

We now describe the equilibrium. Given the state—costate nature of the o.d.e. in

equation (14), we are looking for a “saddle path” that makes (; a linear function of
X. Thus, we look for a matrix S such that $,(t) = SX(t) and hence f3,(t) = SX (t).

Substituting these two expressions into equation (14), we obtain that S satisfies

S[BL+0:) 'B|S=SA+A'S+pS+06x
—S[BT'+04)'B|B— 5 [BL+64)'B]S
+ B> (BI'B' = [B(T' + ©.4) ' B]) f. (15)

This is a complicated quadratic matrix equation in S, some of whose coefficients de-
pend on 3y, which is itself the solution of an algebraic Riccati equation. Nevertheless,
define

P=S5+ps.

Combining equation (15) with the single-agent Riccati equation (12) gives the follow-

ing proposition, which has a much simpler expression.

PROPOSITION 6. For arbitrary initial means, an equilibrium for the MFG is given

by a symmetric matrix P solving

P[B(T'+04)'B|P=Q+0©x+pP+PA+ AP (16)
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with the associated law of motion of the aggregate state given by

X=(+G)X=([BI+6:)"'B]P-A)X, where (17)
G=BI'BfB,—A, J=[Bl+064) 'B|S+ ([BL+6x)'B]—BI'B)p.

This construction requires that all eigenvalues of J + G have real parts smaller than
p/2.°

Since the aggregate dynamics are linear and homogeneous, X = 0 is always a
steady state. A nonzero steady state requires the closed-loop matrix J + G to be
singular. Thus, generically, the origin is the unique steady state.

The Riccati structure allows us to use standard results on existence and compar-
ative statics. If Ox = O 4 =0, then S = 0 and P = f3,. The Riccati equation for /s,
with associated law of motion G, describes individual adjustment in the absence of
strategic interactions, while the equation for P, with associated law of motion J 4+ G,
describes aggregate equilibrium adjustment. Thus, J captures the additional feed-
back generated by strategic interactions, separating the adjustment inherent in the
individual problem from equilibrium feedback. Comparing equation (12) and equa-
tion (16) shows that the two Riccati equations have the same form, with @ and I’
replaced in equilibrium by the adjusted curvatures () + ©x and I' + © . This gives

the following result.

PROPOSITION 7. Suppose )+ 0O x and ['4+ O ; are positive definite. The equilibrium
of a Mean Field Game with interaction terms Oy and © ; and its law of motion
correspond to a single agent decision problem where the curvature on the period
return function is given by ) + Oy instead of (), and where the curvature on the

actions is given by I' + © 7 instead of T'.

The multiproduct price-setting example provides a useful illustration. The supere-
lasticity affects both the curvature of the store’s own problem, (), and the strength of
the strategic interaction, © x. These effects enter with opposite signs, so the superelas-

ticity drops out of their sum, (Q + © x, which is the curvature relevant for equilibrium

9In the scalar case, the Riccati equation is quadratic in p: ,yi—;ﬂpQ =q+60x + (p+2a)p. When

an equilibrium with X (0) # 0 exists, exactly one of the two roots gives an eigenvalue below p/2. For

b2(g+0x)
Y+0a

equilibrium may nevertheless exist even when no symmetric solution to equation (16) satisfies the
eigenvalue restriction.

this root, the aggregate eigenvalue is A = § — \/ (g + a)2 + . For a given initial density, an

19



dynamics. This cancellation holds for the class of Kimball demand considered here,
rather than only for a particular parameterization. Thus, unlike a change in O
holding () fixed, greater superelasticity strengthens static pricing complementarity

without changing aggregate dynamics, provided the other parameters remain fixed.

PROPOSITION 8. Suppose that B(I' + ©7)"!B’ is positive definite. For a given
initial density mg, there is at most one equilibrium for the Linear Quadratic Mean
Field Game.

This follows from the Hamiltonian structure in Proposition 5. As is well known
from the theory of algebraic Riccati equations, the eigenvalues of the closed-loop
matrix J + G correspond to eigenvalues of the matrix #¢, as in the classical result of
Theorem 7.1.2 in Lancaster and Rodman (1995). Thus, regardless of whether there
is strategic complementarity, a linear-quadratic mean field game has at most one
equilibrium. There may nevertheless be no equilibrium, a topic to which we turn
next.

The associated existence conditions can be stated directly in terms of equa-
tion (16). Define

E=Q+06x+ (A +2L)[BC+6,)"'B] " (A+2L,). (18)

PROPOSITION 9. Suppose B(I' + © 7) "' B’ is positive definite.

1. A necessary condition for a symmetric solution to equation (16) is that E in

equation (18) be positive semi-definite.
2. If @ + O is positive definite, an equilibrium exists and is unique.

In the scalar case with X (0) # 0, an equilibrium exists if and only if the strict version

of the necessary condition holds.'®

Some remarks are in order. The condition that E in equation (18) be positive
semi-definite puts a limit on the degree of strategic complementarity in states and

actions, i.e. on “how” negative definite ©x and © 5 can be. Moreover, strategic

10The condition is g+ 0x + (a + £)* 2324 > 0. If X(0) = 0, an equilibrium with X (t) = A(t) = 0
exists even when this condition fails.
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substitutability in one interaction can compensate for strategic complementarity in
the other, since F contains one term involving ©x and another involving © 4.

The first condition, i.e. the condition on F, is not sufficient in general dimensions:
one can construct a two-dimensional example in which E is positive definite but
the Hamiltonian matrix has no admissible n-dimensional invariant subspace. The
sufficient condition is particularly convenient: it requires positive effective curvature
in states and actions, ) + ©x > 0 and I' + © 7 > 0. This condition is stronger than
necessary, but it is simple to verify directly from the effective curvature matrices.

The scalar case also makes the distinction between existence and stability partic-

ularly transparent. Define

—0 Eq+a(a—|—p)7 b2ﬂ and — 6 Eq+<g+a> 7b2ﬂ.

Then —0** = —0* + (p/2)* (v + 0.2)/V*. For X(0) # 0, as state complementarity

increases, there are four regions:
1. if —0x < —0*, the equilibrium is stable and X (¢) converges to zero;
2. if —0x = —0*, then A = 0 and X (t) = X(0);

3. if —0* < —0x < —0™, an equilibrium exists but 0 < A < p/2, so X () moves

away from zero; and
4. if —0x > —0**, there is no equilibrium.

Thus, existence and stability are distinct: for an intermediate range of complementar-
ity, an equilibrium exists and satisfies the eigenvalue condition A < p/2, even though
the aggregate state moves away from the steady state. As complementarity increases,

stability is lost before existence.

4.3 Comparative Statics and Persistence

We first characterize how the stabilizing solution P changes with each interaction
matrix, holding all other parameters fixed. Throughout this subsection, we assume
that Q + Ox and ' + © 4 are positive definite.

ProprosiTION 10. Consider two equilibria that differ only in one interaction matrix.
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1. If O < 6%, then P' = P° Thus, more strategic complementarity in states

makes P less negative definite.

2. If @, < 0%, then P' = P°. Thus, more strategic complementarity in actions

also makes P less negative definite.

Both forms of complementarity raise P, but this does not mean that they have
the same effect on aggregate dynamics. State interactions affect J 4+ G through P,
while action interactions also change B(I' + © 7)) 'B’. Moreover, when n > 1, an
ordering of P is not sufficient to order every eigenvalue of J + G. We first establish

a comparison of their sum, given by the trace.

LEMMA 2. Assume that ©% + @ and ©%; + I' are both positive definite for i = 0, 1.
Denote by [J 4+ G]* the matrix corresponding to the equilibrium law of motion of the

aggregate state.

1. If ©% < 0%, then tr ([J + G]') > tr ([J + G]°). Thus, more strategic comple-
mentarity in states increases the sum of the eigenvalues of the aggregate law of

motion.

2. If ©, = 0%, then tr ([J + G]') < tr ([J + G]°) Thus, more strategic comple-
mentarity in actions decreases the sum of the eigenvalues of the aggregate law

of motion.

In words, greater state complementarity or greater action substitutability raises
the trace of J 4+ G, while greater action complementarity lowers it. In a stable equi-
librium, a higher trace means that the sum of the eigenvalues is closer to zero. In one
dimension, this immediately implies that greater state complementarity makes the
aggregate state more persistent, while greater action complementarity makes it less
persistent. In the capital-accumulation example, state complementarity and action
substitutability therefore work in the same direction: both make aggregate capi-
tal more persistent than it would be if the corresponding interaction were absent.
In multiple dimensions, however, the trace does not determine how each individual
eigenvalue changes. We can instead give the following comparative-static result for

the evolution of a set of initial conditions:
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PROPOSITION 11. Let [J + G]* be the equilibrium law of motion corresponding
to ©% and ©'; for i = 0,1. Assume that ©% + @ and ©%; + I' are both positive
definite for ¢« = 0,1. Let €y C R™ be an arbitrary set of initial conditions and let
Q ={X(t) eR": X(s) = [J+G)'X(s),0 < s <t, and X(0) € Q} be the points
reached after ¢t > 0 periods. Let vol(-) denote the volume, or Lebesgue measure, of a

set in R™.

1. If ©% < 6%, then vol(2}) > vol(20). Thus, more strategic complementarity in

states keeps the volume of states larger.

2. If ©, < 0Y, then vol(Q2}) < vol(2)). Thus, more strategic complementarity in

actions shrinks the volume faster.

The proof of Proposition 11 is immediate from the continuity equation, which
shows that vol(€);) solves a simple scalar constant-coefficient o.d.e., giving vol(2}) =
e (I7+G0(Qy), together with Lemma 2. State complementarity therefore reduces
the rate of volume contraction, while action complementarity increases it. A change
in the trace implies that the sum of the real parts of the eigenvalues changes, and
hence that at least one of them moves. It does not imply that every eigenvalue moves
in the same direction.

The following numerical example makes this distinction explicit. Set p = 0 and

hold the action interaction fixed. For i = 1,2, let P; solve

P [B(l+0©4) 'B|P=Q;+PA+ AP, (J+G); = [B(l'+©4)'B] P-4,

1 2 o (1 =3
(02) rsers-( )
2 _1 3 5
Ql:(—l 1)’ Q2:<5 51)'

Here A, [B(T' + ©7)7'B'], Q1, and Qo—Q; are positive definite, but A and [B(T' + 0 7)"'B’]

do not commute. The stabilizing solutions satisfy P, < P; < 0, and the traces move

with

in the order implied by Lemma 2. Nevertheless,
eig((J + G)1) ~ {—3.02,—6.55}, eig((J + G)z) ~ {—1.56, —22.68}.
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One eigenvalue rises and the other falls. Thus, even a strict Loewner ordering
of the Riccati solutions does not imply an eigenvalue-by-eigenvalue ordering of the
closed-loop matrices. Stronger assumptions are therefore required to obtain an un-
ambiguous result on persistence for each eigenvalue. We give two sets of results, with
increasingly strong assumptions and correspondingly stronger conclusions.

The first result imposes a symmetry condition after the natural change of coordi-

nates.

PROPOSITION 12. Hold B(I' + ©4) !B’ fixed. Suppose [B(I'+©;) B ' A is
symmetric. Order the eigenvalues of J + G from smallest to largest. If O} < 0%,
then

cig;(J' + G) > eig;(J* + G), j=1,...,n.

Assuming both systems are stable, under this condition, more strategic complemen-
tarity in states makes every eigenvalue of the equilibrium law of motion closer to zero,

i.e. the equilibrium is more persistent.

The restriction is needed because [B(T' + © 7)"'B’] P — A is otherwise nonsym-
metric, and a change in P need not translate into an ordering of the eigenvalues of
the closed-loop matrix. A stronger restriction gives a closed-form characterization

and permits comparative statics with respect to both interactions.

PROPOSITION 13. Suppose A = al,. Let A; denote the eigenvalues of J 4+ G. Then

they are real and can be indexed so that

)\j:g—\/(g+a)2+uj, (19)
p; = eig; ((Q + ©x)’B(I' + ©4) 'B'(Q + 6x)"?)

for y =1,...,n. Consequently:
1. more strategic complementarity in states raises every Aj;

2. more strategic complementarity in actions lowers every A;; and

3. the jth mode is stable if and only if u; + a(a + p) > 0.

It is useful to keep the sequence of results in mind. In the general multidimen-

sional model, stronger complementarity orders both the Riccati solution and the
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trace of the closed-loop matrix, and therefore gives a prediction for the rate of vol-
ume contraction. This allows us to characterize how strategic interactions affect
aggregate persistence without assuming that the different dimensions of the problem
are separable. What cannot be signed in general is the response of each individual
eigenvalue. For state interactions, eigenvalue-by-eigenvalue comparative statics are
obtained when [B(T' + ©7)"'B’]7'A is symmetric. Under the stronger restriction
A = al,, the same conclusion holds for both state and action interactions, and the
eigenvalues are available in closed form.

Importantly, the last result remains multidimensional. The matrices () + © x and
B(T + ©4)"' B’ need not commute, and the coordinates that diagonalize J + G need
not diagonalize G. Thus, the model does not, in general, reduce to a collection of
independent one-dimensional decisions. The restriction A = al,, is also natural in a
relative-price version of the multiproduct example with common steady-state inflation

a > 0.'' Demand and adjustment costs can continue to link prices across products.

5 Planner’s Problem

The utilitarian planner chooses «a(x,t) for every state and date, taking into account
how these choices affect the aggregate state and action. The planner’s period objective

iSlZ

U(m, a) :/ﬁ(x,X,a(:U),ﬂ)m(a:)dx

_ 1 / P Qum(z)dr — X'Ox X — LX'Ax X

2

— %/a(x)Ta(x)m(m)dm — A'O7 A — SA'NA A

where X = [zm(xz)dr and A = [a(x)m(z)de. The planner maximizes the
discounted integral of this objective subject to the Kolmogorov forward equation.
The planner internalizes both sides of each interaction: changing an individual state

or action affects the agent’s own payoff and, through the aggregate, the payoffs of

U et trend prices satisfy p; = ap;, define x; = p;/p; —1 and o; = (p; —p;)/Pi, and take adjustment
costs to be 3a/Ta. Then &; = a; — aw;.

12 As in the decentralized problem, we set C' = O x, = O,z = 0. We also set Ax 7 = 0 to simplify
the exposition. Appendix B derives the planner’s problem for the general specification, including
cross terms.
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other agents. With symmetric interaction matrices, this doubles the interaction terms
in the first-order conditions. The aggregate-only terms contribute Ay and Az to the
corresponding conditions.

Let A(z,t) be the multiplier on the Kolmogorov forward equation. The functional

derivative of the aggregate-state terms is
—X/(@/X + @X + Ax)ZL‘,

while the derivative of the aggregate-action terms replaces © 7 in the individual Hamil-

tonian with ©'; + © 7 + A z. Define the planner’s Hamiltonian by

H*(p,z, A) = max{—1a'Ta — A" (0’ + O1 + Ag)a+ p'(Ba — Az)} .

a€RF

Its maximizer is

o (p, A) =T [Bp— ( "1+ Oa+A)A].

PROPOSITION 14. Any optimal allocation for the utilitarian planner satisfies the
following coupled partial differential equations for all £ > 0 and z € R™:

pA(z,t) = — L'Qu — X (¢) (O + Ox + Ax)x + H* (N (z,t), z, A(1))
+ 5 tr(Dhaa (2, 1)) + Ae(2, 1),
my(ax,t) = — div(Hy( A (), 2, A(L))m(x, 1)) + 5 tr(Smae(z, t).

These equations are coupled through

X(t) = /xm(w,t)dm, A(t) = /a*()\gg(x,t),ﬂ(t))m(x,t)dx,

for all ¢ > 0, with m(z,0) = mg(z) for all x € R", and with the corresponding

boundary and transversality conditions in Appendix A.1.

ProrosITION 15. Under the maintained symmetry of ©x and © 4, the planner’s
HJB-KFE system is identical to the decentralized equilibrium system with interaction
matrices (20x + Ax,20 7 + A 7). Hence, whenever the planner’s problem has a finite

optimum, any optimal allocation is a decentralized equilibrium for these modified
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interaction matrices. If I' + 20 7 + A 7 is invertible, the planner’s Riccati equation is

P*B(T +204 +Az) 'B'P*=Q +20x + Ax + pP* + P*A+ A'P*, (20)

The planner’s state and action curvatures are () +20x + Ax and I' 4+ 20 7 + Az,
respectively. Under the conditions of Lemma 2, internalizing state complementarities
raises the trace of the closed-loop matrix and slows the rate of volume contraction,
holding action curvature fixed. Internalizing action complementarities has the oppo-
site effect, lowering the trace and accelerating adjustment, holding state curvature
fixed. The aggregate-only terms can reinforce or offset these effects. A negative
semidefinite Ax further slows volume contraction, while a negative semidefinite A z
accelerates it; positive semidefinite terms work in the opposite direction. Thus, the
planner may adjust more slowly or more quickly than the decentralized equilibrium,
depending on the relative strength of these forces. The eigenvalue-by-eigenvalue com-
parisons require the additional conditions in Proposition 12 for state interactions and
Proposition 13 for action interactions, holding the other curvature fixed.

The multiproduct pricing example also illustrates the importance of aggregate-
only terms. Simply doubling © x would undo the superelasticity cancellation in @ +
Ox. For the normalized profit function used in the example, including Ax restores

the cancellation, so Q + 20 x + Ay is also independent of 7},."

6 MFG with Aggregate Shocks and the Master
Equation

We now add a common shock. Let N*(¢) and N~ (¢) be independent Poisson processes
with intensity /2, and define §(¢t) = N*(¢) — N~ (¢). The individual state follows

dx(t) = (Ba(t) — Az(t))dt + SY2dW (t) + Tdg (1),

13This matrix is the negative Hessian of II(X, X)/II(0,0) at X = 0. Along p = P, the relative-
price argument of D equals one, so this Hessian does not depend on #j,. Using actual profits from
Appendix A.3, divided by their value at the reference point, changes this Hessian but preserves the
cancellation.
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where T € R". Because the common shock shifts every individual’s state by the
same amount, it also shifts the aggregate state by Y. Thus, we conjecture, and verify

below, that aggregate states and actions satisfy
dX(t) = MX(t)dt + YdJ(t), A(t) =CX(t), (21)

for constant matrices M and C'. In this section, C' denotes the coefficient that maps
the aggregate state into the aggregate action. The aggregate state must now enter
the recursive problem because it follows its own stochastic law of motion and affects
the agent’s current payoff. Given (M, C'), the recursive value function has arguments

(z, X) and solves

pv(z, X) = — 32'Qr — X'Oxa + H(v,(2, X), 2, CX) + 5 tr(Svge(z, X))
+ox(z, X)MX 4k [$v(@+ T, X +7T)+ 3oz -T,X -7T) —v(z,X)].
(22)

The corresponding stochastic KFE shifts the density by T at each common jump.
Integrating that equation against x gives the aggregate law of motion in equation (21).

We use the quadratic conjecture
v(z, X) = So+ 2’51 X + 32/ Sow + 3 X'S5X, (23)

where Sy and S3 are symmetric. For given (M, C'), matching coefficients in equa-

tion (22) gives

pSo = Ltr(SSy) + kY (Sy + 15, + 185 T, (24)
pS; = —Ox + S,BT'B'S; — S,BT'04,C — A'S; + S1 M, (25)
pSy = —Q + S3BT7LB'S, — (SyA + A'Sy), (26)
LSy =L1S|BI'B'S; — L [S{BI'©7C + C'© 7' B'S]

+ 1004710 4C + L(S3M + M'S3). (27)

The system is recursive for given (M, C): first solve for Sy, then S, S5, and Sp. In
particular, the equation for S5, which determines the curvature of the value function

in the individual state, does not depend on the common shock.
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PrROPOSITION 16. Suppose I' + © 7 is invertible. In an equilibrium with common
noise, let P = S; + S5. The equilibrium condition for aggregate actions and aggrega-

tion of the drift imply
('+6©4)C =B'P, M = BC — A. (28)

Thus,
C=T+06,4)"'BP M=B(+6,4)'BP-A. (29)

Moreover, Sy = f35, and P solves equation (16), the same Riccati equation as without

common noise.

This is the relevant certainty-equivalence result. Unlike the formulation without
aggregate shocks, the recursive value function must include both x and X as states.
The common shock changes the realized path of the aggregate state, but not the
matrices governing optimal adjustment around that path. Nevertheless, the matrix

that governs aggregate persistence is unchanged.

7 Recursive Equilibrium and Identification

The common-noise formulation gives a convenient recursive representation.

Throughout this section, we assume that I' 4+ © 7 is invertible, that ¥ is nonsingu-
lar, and that E[X (¢)X ()] is nonsingular for some ¢t > 0. Define the deviation from
the cross-sectional mean by z(t) = z(t) — X ().

Using equation (29), the equilibrium can be written as

dX(t) = ([B( +©,) ' B P — A) X(t)dt + YdJ(t), (30)
dz(t) = (BT 'B'By — A)z(t)dt + SY2dW (t), (31)
a(t) = (T +0,) 'B'PX(t)+T7'B Bz2(t), (32)
At)=(+0,)"'BPX(t). (33)

These equations separate individual from aggregate adjustment. Deviations from
the cross-sectional mean are governed by the single-agent solution (3, while aggregate
dynamics are governed by the equilibrium solution P. The common jump cancels from

the law of motion of z, and, more importantly, neither interaction matrix enters the
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dynamics of z or of actions relative to their cross-sectional average. The reason is that
strategic interactions operate through the aggregate state and aggregate action, which
disappear when individual variables are expressed relative to their cross-sectional
averages. Thus, the difference between individual and aggregate adjustment reflects
equilibrium feedback, and estimates of how quickly individuals close gaps relative to
others need not reveal how quickly the aggregate adjusts. To make the link with

observed data explicit, let

Ui x = [B(L+64) 'B'|P—A, U:. =BT 'B'j3, - A,
Uwx=T+6,)"'BP, Up.=T"1B'p,.

Thus, Uy x and Uz, are the conditional-drift coefficients in equation (30) and equa-
tion (31), while U, x and U, . are the policy coeflicients in equation (33) and equa-
tion (32), respectively.

PROPOSITION 17. A data set containing paths of z(t) — X (¢) and a(t) — A(t) has

no information about ©x or © 7.

Such data identify U; , and U, ., neither of which depends on the interaction ma-
trices. Thus, removing time effects from both states and actions removes information
about strategic interactions while retaining information about individual adjustment.
This is the analogue of the missing-intercept problem in this setting, applying to both
state and action coupling.

The next results show what can be recovered once one of the interaction matrices
is normalized. We begin by taking the parameters of the individual problem as known

and then progressively relax this requirement.

PROPOSITION 18. Suppose © 7, ', p, Q, A, and B are known, and B(I' + © )~ ' B’

is invertible. A time series for X (¢) identifies © x.

The time series identifies Uy . Since the remaining objects are known, this
coefficient identifies P, and equation (16) then identifies © x. The proof is constructive
and shows how O x can be recovered from the reduced-form drift coefficient.

We can relax the assumption that ) and A are known if aggregate actions and

individual deviations are also observed.
PROPOSITION 19. Suppose O 7, I, p, and B are known. Time series for X (t), z(¢),
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and A (t) identify @), ©x, and A.

The three time series identify Uy y, U:., and U, x. The aggregate state and
action equations identify A and P, while the demeaned state equation identifies /5.
The single-agent and equilibrium Riccati equations then identify ) and ©x.

Finally, we can also allow B to be unknown. This requires observing individual
actions and a rank condition that allows B to be recovered from the difference between

aggregate and individual dynamics.

PrRoOPOSITION 20. Suppose O 4, I', and p are known. Suppose also that n = k£ and
Ua.» — U, x 1s nonsingular. Time series for X (t), z(¢), a(t), and A (¢) identify @), Ox,
A, and B.

The four time series identify the four reduced-form matrices above. Their differ-
ences identify B; the aggregate equation then identifies A and P, while the demeaned
equation identifies 3. Equations equation (12) and equation (16) finally identify Q
and Ox.

The normalization of © 7 in these propositions is essential. Even with aggregate
states and actions, the data reveal U, x and U X x» not © % and P separately. In
particular, scaling I' + ©  and P by the same positive factor, and adjusting ©x
accordingly, leaves the observed policies and aggregate dynamics unchanged while
preserving symmetry. Hence Oy and © 7 are not separately identified without an

additional normalization or outside information.

8 Coupling with Higher Moments

In this section, we extend the MFG so that the coupling in the agent’s period return
can depend on the first ¥ moments of the cross-sectional distribution, rather than only
on its mean. Distributions with the same mean can then generate different incentives
to adjust, and idiosyncratic risk can affect aggregate persistence. For simplicity, we
assume that the state is one-dimensional, so x € R and n = 1, and abstract from

interactions through aggregate actions. We denote the rth moment of the distribution

m(-,t) by M, (t):

M,.(t) E/xrm(x,t)dx forallt >0and r=1,2,...,F
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In this case the period return function is given by

F(x,m)+ R(«a)

—srqT — (90 + Z Mr(t)QT) z—1ad'Ta
r=1
/x’" m(z) dx

Three comments are in order. First, we have also added a linear term to the period

where M,

return, namely the product of x with the scalar ;. We do so in order to choose 6, so
that the cross-sectional mean of z is zero, as in the benchmark case. Second, since
X(t) = M;(t), the benchmark case is obtained by setting 7 = 1 and 6y = 0. Third,
because the state is one-dimensional, the corresponding coefficients ¢, a, and g are

scalars.

O?F(x,m)
020N, (1)

=—-0,forr=1,2,...,7

A possible definition of strategic complementarity (substitutability) is that, if the
measure associated with the density m, is stochastically higher than the one associ-
ated with the density my, then F(x,m,)— F(z,m;) is weakly increasing (decreasing)
in . Under this definition and our specification of F'| strategic complementarity
(substitutability) is equivalent to —>_"_ 6,2" being nondecreasing (nonincreasing)
in x.

An equilibrium for the mean field game is now defined as:

DEFINITION 2. An equilibrium for the MFG given my is a value function v : RxR, —
R, a density m : R x R, — R, and 7 moments M, : R, — R forr =1,...,7
satisfying:

7

pu(z,t) = —txqo — (Z M, (t)0, + 90> x4+ H(ug(2,1),2) + 20Uz, (2, ) + w(z, t)

r=1

my(x,t) = — (Hp(ug(x,t), x) m(z,t)), + ;02 Mg (2, 1)
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for all z € R and ¢ > 0 where

H(p,x) = max —3a'Ta+p (Ba —ax) for all (p,z) € R
acR

M,.(t) :/xrm(x,t)da: forallt>0andr=1,...,7

with m(z,0) = mg(x) and appropriate boundary conditions for m and wu.

We can specialize the definition of an equilibrium for a steady state as follows:

DEFINITION 3. A steady state is given by moments M, € R for » = 1,...,7 and two
functions u : R — R and m : R — R satisfying:

pu(x) = —%qu - <Z M,0, + «90> x4+ H(ty, x) + %UQTLM(x)

r=1

0 = — (Hp(ty(x), z)m(z)), + 30° My ()

for all  and the vector of moments M satisfies

Mr:/x’"m(x)dx forr=1,...,7

We now turn to the analysis of the equilibrium. The value function must still be of

the same form:

u(z,t) = Bo(t) + Bi(t)z + 3 8a(t)2?

We follow the same steps as before and emphasize the parts of the analysis that differ

from the benchmark case with 7 = 1.

Hamiltonian. In this case, the first-order condition for the Hamiltonian gives a* =
['~!B’p. Substituting a* back into the Hamiltonian and differentiating with respect
to p gives

_ 5

H(p,z) = 7p2 — pax and H,(p,z) = v5'p — ax where vg = 1/(BT ' B’)
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Following the same steps as in the benchmark case we get that the Hamiltonian and

its derivative evaluated at the derivative of the value function are:

H(uy(w,8),2) = 2-(81(t) + Ba(t)2)? - ax(By(t) + Ba(t)a)

Hp(uw(xv t)> .1') = 7;1(51(75) + 52(75)1') —axr

Dynamical System for the Coefficients of the Value Function. We can now
proceed as before. Matching coefficients on the different powers of x in the HJB

equation gives the following system of o.d.e.’s:
Bo = pBo — 18175 B — 2076,

Bi=(p+a)Bi+06o+ > 0.M — By5'

r=1

Bo=q— Boyp' B2 + Baa + aBa + pBe

As before, these o.d.e.’s take as given the path for My,..., Mz Again we must
have (y(t) = By < 0, i.e. the same negative constant for all ¢ > 0, and the same
negative constant as in the benchmark case. In this scalar case the solution of the

Riccati equation /35 is simply the negative root of a scalar quadratic equation:

Vp'Pa—a=15~ \/(aer/Q)2 +75'¢

Dynamics of Moments. We can extend the previous analysis to obtain an o.d.e.
for each of the ¥ moments. The useful feature of this representation is that the
moments satisfy a relatively simple finite-dimensional system, rather than requiring

us to solve directly for the entire density m.

ProprosITiON 21. Given the expression for the Hamiltonian, and the definition of
the moments M,(t), the solution of the Kolmogorov forward equation implies the

following 7 dimensional system of linear o.d.e.s

r(r—1)o?

NL(8) = 7 (5152 — @) My (8) + 795" B2 (0) M, 1 (1) +

M._o(t)  (34)

for r =1,...,7 and ¢t > 0, for a given path §; and given initial conditions M, (0) for

r=1,...,7.
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Next, we combine the o.d.e. for 5, with those for the ¥ moments. Once we replace
B2(t) by the Riccati solution B, we obtain a system of o.d.e.’s for the scalar 3; and
the vector (M, ..., M;).

State and Costate System. We can combine the costate-type variable £, with
the 7 aggregate states My, ..., M to obtain a system of 7 + 1 nonlinear ordinary

differential equations:

Bi(t) = (p+a—Bayg") Bi(t) + 60+ > 0,M, (35)

r=1

. - _ r(r—1)o?
N(0) = (7' Ba — ) M (1) + g B My 1) + VD
The equations for Bl and M, are linear in (B1, My, ..., M;). Forr =2,...,7, however,

the equation for M, contains the product 1 M,_; and is therefore nonlinear.

Steady States. The steady state of the system for (51, My, ..., M) is, in general,
different from zero. There are two reasons. First, the even moments M, are nonzero.
Second, the constant 6, enters . Given B, the steady state (31, My, ..., M;) solves

0= (p+a_627§1)61+60+28er

r=1

0=r(v5' P2 —a) My +ry5' Bi M1 + rlr— Lo _21)02 M,_,
This system is non-linear, so the existence and uniqueness of a steady state should
be analyzed. Also, not every solution to this set of equations gives a steady state,
since the M, are moments, and thus they have to satisfy the Hamburger inequality
restrictions. To ensure they are satisfied, assume 0? > 0 and a — 'yglﬁg > 0, and
write this system in two steps. In the first step we solve for M = (M, ..., M;) as a
function of 3;. Given (3, this is a linear system with recursive structure given by:

(r—1)o?

1 - _
M, = ———= 7§151Mr71+ M, 5| forr=1,2...,7

a—"9g P2

with My = 1. We let {11,(3,)}"_, denote the unique solution of these linear equations.
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In the second step we replace this solution into the equation for £y, defining

_ 1
Bovg' —a—p

O+ ermr(@)]

Thus, a steady state is a fixed point 3, = B(3;).
This operator can, in general, have several fixed points. To see this, consider the
example of 7 = 2. In this case the function B is quadratic in 3;. First, solve:

15
Mlz’yB—Bland MQZ

(v5' B1)” Lo
a—g5' P (a—v5'3)?  a—5'Ps

Replacing them back we get:

173 \2

(W’B 51)
B4 4
a— ’731@2 ’ (a — '73152)2 ’

o?/2
a—vg P

_ 1 -13
B(f) ==——— |0+ 0 s &1
Bayg —a—p

The fixed-point condition is quadratic in /31, so it can have up to two real solutions.

We are interested in steady states with M; = 0, since we are interpreting = to be
a deviation from steady state, it should have mean zero. The steady state expression
for M, implies that M; = 0 if and only if 3, = 0. This requirement has several

implications, summarized in the next proposition.

ProrosiTioN 22. Consider the model with coupling up to ¥ moments, where 7 is
even. Suppose o2 > 0, and a — v5' 3, > 0. At any steady state, M; = 0 if and only
if 31 = 0. Conditional on this restriction, the steady state is unique: M, = 0 for

r=1,3,...,7 — 1, while the even moments satisfy

B ) 9 r/2
MT:“—%MT_QZ(T_UU 7 ) . r=246.. . .F
2(&—73 52) 2( 2)

Such a steady state exists if and only if 6, is set to

90 - — i QTM,«, (37)

r=2,4,6,...
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where !! denotes the double factorial.

Four comments are in order. First, the invariant distribution m of z is normal

and independent of the vector 6. Second, as an example, if ¥ = 2, then

o?/2

9 - _9 —_—
’ 2“‘75152

and there is a steady state with 5 = M; = 0. Third, even with these parameter
values, there may be other steady states. Fourth, with coupling through higher
moments, certainty equivalence need not hold: idiosyncratic risk can affect aggregate
persistence through the invariant moments. To maximize comparability, we choose 6,
so that the zero-mean invariant distribution is the same as in the MFG with coupling

only through the first moment.

Local Analysis around the “Zero Mean” Invariant Distribution We now
use Proposition 22 and focus on the invariant distribution with 8, = M, = 0 for
odd r. The dynamical system equation (35)—equation (34) for (B, My,..., M;) is
nonlinear. To study its behavior around the steady state of interest, we define the

deviations
Bi(t) = Bu(t) — By and M, (t) = M,(t) — M,, forallt >0 and r =1,...,F

The linearized system around the zero-mean steady state is

%51 (t) = (p+a—Bavg") Bu(t) + D 0. M, (1) (38)
L) = o b)) 1 (i o — o) 300 + "N L (39)

dt 2

For the main result of this section, we rewrite the state-costate system in equa-
tion (38) and equation (39) as

. ~ ~ ~ ~ /
Y(t) = #Y(t) where Y = (51, Ny, M, .. ,Mf) (40)

so that Y is an (7 + 1)-dimensional column vector and #€ is an (7 + 1) x (7 + 1) real

matrix, whose coefficients are described by equation (38) and equation (39). Without
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loss of generality, we take 7 to be even.

The existence and uniqueness of an equilibrium around the zero-mean invariant
distribution depend on the eigenvalues of #. We denote these eigenvalues by Xj. It
this matrix has one unstable (positive) eigenvalue and 7 stable (negative) eigenvalues,
we say that the zero-mean invariant distribution is locally determinate. In this case,
the speed of convergence along the equilibrium path is determined by the 7 stable
eigenvalues. The next proposition shows that these eigenvalues have a particularly

simple structure.

PROPOSITION 23. Fix 7 as an arbitrary even integer. Let {Xr}ii% be the eigenvalues
of the matrix # associated with the linearization in equation 40 around the zero-mean
invariant distribution. Define § = Y. rM,_10,. Then

1<r<r—1
r odd

~ 2 _ ~ 2 _

Alzg—\/<a+£> +%§1(q+9),%=+1=£+\/<a+£> +75' (g +0), and
2 2 2

NP PN? L -1

A,,_rL \/<a+2> +75'

Moreover, the path of the even moment deviations ]\//TT(t), r=24,...,7, is inde-

forr=2,...,7.

pendent of {6,.}._, and of the initial conditions for the odd moment deviations. If
q+0+vpa(a+p) > 0and b = a—v5' B2 > 0, then the zero-mean invariant distribution

is locally determinate:

X1<O<XF+1, A’r‘<07 T:2,...,f.

Several comments are in order.
1. The coefficients {6,}7_, enter only two eigenvalues: X, and Ary1.

2. Moreover, only the coefficients {6;,0s,...,60;_1} on the odd moments enter Xl

and :\}H )

3. The formula for Xl is identical to that for A; in the scalar case with n = 1, with

0 taking the place of the scalar 6.
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. The interpretation of 6 is the same as in the scalar case: an increase in any

0, for odd r weakly lowers A\;. Thus, convergence is weakly faster when it is

governed by this eigenvalue.

. There is a critical value —* = ¢+ a(a+ p)yp such that if — > —*, then there

is no locally determinate equilibrium; that is, for those values of Re(le) > 0.

. If 6 = 0, then all the stable eigenvalues satisfy Xr = er <Oforr=1,2,...,7.

If there is strategic complementarity, so that § < 0, then Xl > Xr for all r =
2,3,...,7. Thus, with strategic complementarity, Xl is the dominant stable

eigenvalue.

. If 0?2 =0, then § = 6,. If all §, < 0 (> 0) for odd r, then @ is weakly decreasing

(increasing) in o2. Thus, under these sign restrictions, higher idiosyncratic

variance o2 implies weakly slower (faster) convergence when it is governed by

A1

. Although only the coefficients on the odd moments {6;,0s,...,0-_1} enter the

eigenvalues, the coefficients on the even moments affect the equilibrium, as the

case ¥ = 2 below illustrates.

The case 7 = 2 illustrates how an interaction through an even moment can affect

transition dynamics even though it does not affect the local eigenvalues. We turn
to the complete solution for the case 7 = 2. Assume Bl(t) = slMl(t) + 32]\2/2(15).

Substituting this expression for 3, into equation (38) and equation (39) for r = 1 and

r = 2, and matching coefficients on M;(t) and Ma(t), gives

150 =551 (=p+2 (75" P2 — a) +75's1) and
V502 =75 52 (=p+3 (15" B2 — @) +75'51)

Substituting these expressions, together with the expression for 3, back into the

system gives the equilibrium laws of motion for the first and second moments:

d

dt
d

dt

Ml(t) = :\lMl(t) +

My(t) = A\ My(t) and

7505 -
My(t)
2~ 2\/(a+p/2)* +75'a — /(@ +p/2)* + 75" (6 +q)
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Thus, around the zero-mean steady state, the second moment converges at the rate
given by }\vz, which is independent of {6y, 6;}. Nevertheless, while the second moment
is away from its steady-state value, it affects the control o and, through it, the first

moment, as shown by the second term in the equilibrium o.d.e. for M.

9 Scope and Limitations

Our framework applies to a broad class of dynamic macroeconomic models whose
period returns admit a local quadratic approximation. It accommodates multiple
states and actions interacting through their aggregates without requiring the under-
lying matrices to be simultaneously diagonalizable. However, the symmetric Riccati
representation of decentralized equilibrium requires two restrictions, which we dis-
cuss in turn. The first is that ©x and © 7 are symmetric. This restriction concerns
payoff interactions, not static best responses. As our multiproduct pricing example
shows, static best responses can be nonsymmetric even when ©x is symmetric. The
second restriction is ©x, = ©O,7, which requires the effect of the aggregate state
on the marginal return to an individual’s action to equal the effect of the aggregate
action on the marginal return to her state. Own state—action cross terms can also
be accommodated, as shown in Appendix B. Without these restrictions, individual
optimization and aggregation still yield a finite-dimensional linear system, but the
equilibrium Riccati equation need not be symmetric in multiple dimensions. Our
single-agent representation and the persistence results derived from it therefore do
not follow directly.

Models of capital accumulation with endogenous prices illustrate how the sec-
ond restriction can fail. Consider a country with capital k£ and investment i, taking
world capital K and investment [ as given. Let consumption be ¢ = F(k,i, K, I)
and period utility be u(c). The restriction requires 0*u(F)/0i0K = 8?u(F)/0kOI.
These derivatives capture different economic effects: how world capital changes the
marginal utility cost of investment and how world investment changes the marginal
utility return to capital. There is no general reason for them to coincide. For
example, suppose F(k,i,K,I) = f(k,K) — i, with «” < 0 and fx > 0. Then
O?u(F)/0i0K = —u"(c) fx > 0, while 8?u(F)/0kOI = 0. Higher world capital raises

consumption and reduces the marginal utility cost of investment, while world in-
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vestment has no corresponding effect on the return to capital.!* These restrictions
apply to decentralized equilibrium, not to the planner. Because the planner internal-
izes both sides of each interaction, its Riccati equation remains symmetric even when
these restrictions fail. The planner also accounts for payoff terms that depend only on
aggregates, which leave individual choices unchanged. Thus, the planner’s dynamics
reflect the full quadratic return, rather than only the terms governing decentralized

equilibrium.

10 Conclusion

We study how strategic interactions shape aggregate dynamics in linear-quadratic
mean field games with interactions through both states and actions. We show that
equilibrium can be characterized using the same Riccati structure as the correspond-
ing single-agent problem, with strategic interactions changing the effective curvature
of states and actions. This representation gives a tractable characterization of exis-
tence and uniqueness and separates the dynamics inherited from individual optimiza-
tion from the additional feedback generated by strategic interactions.

Our main results characterize how these interactions affect aggregate persistence.
State and action complementarities have opposite effects on aggregate adjustment:
stronger state complementarity slows adjustment on average, while stronger action
complementarity speeds it up. Importantly, these results extend to multidimensional
environments without requiring the different dimensions of the problem to be separa-
ble or the underlying matrices to be simultaneously diagonalizable. The framework
can therefore be used in a broad range of macroeconomic settings in which individual
decisions interact through aggregate states or actions, as we illustrate with applica-
tions to capital accumulation and multiproduct price setting.

We also study the planner’s allocation. Because the planner internalizes the effects
of each agent’s choices on others, the interaction terms in its first-order conditions
are doubled. Internalizing state complementarity increases persistence, while inter-
nalizing action complementarity reduces it, so the two forces can work in opposite
directions when both interactions are present. The planner also accounts for payoff

terms that depend only on aggregates, which can reinforce or offset these effects.

14A related asymmetry arises through terms-of-trade effects in a country-planner extension of
Alvarez (2017).
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Finally, we study what can be learned about strategic interactions from individ-
ual and aggregate data. Demeaned states and actions contain no information about
strategic interactions, giving rise to a missing-intercept problem. Combining individ-
ual and aggregate dynamics, we give conditions under which strategic interactions
and other model parameters can be identified. We also extend the framework to
interactions through an arbitrary finite number of moments of the cross-sectional

distribution, allowing idiosyncratic risk to affect aggregate persistence.
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ONLINE APPENDIX

A Model Details

A.1 Boundary Conditions

We assume that mg has a finite moment of order » > 2 and seek solutions for which

the same is true of m(:,t) at every date. In particular,

1—/mxt

= lim m(z,t) = lim m(z,t)= Lm m, (z,t) = lm m,(z,1),
T;—+00 Ti—>—00 Ti—+00 Ti—>—00
0= lim z;m(z,t)= lim xz;m(z,t),
x;—+00 I;—>—00

for every 7,7 and t > 0.
These conditions, together with the relevant finite moments of m, justify the
integrations by parts used to aggregate the Kolmogorov forward equation.!® For the

value function we impose the transversality condition

lim e ”'E [u(x(t),t) | 2(0) = z] = 0.

t—o00

We also restrict attention to aggregate paths satisfying

/e‘”t||X(t)||2dt<oo, /e_”t||ﬂ(t)||2dt<oo.
0 0

The same conditions, with the natural stochastic interpretation, are imposed in the

common-noise model.

A.2 Capital-Accumulation Example

Let i = 6k and write IT = II(k, k). Terms in the return that depend only on the aggre-

gate variables can be omitted from the firm’s problem. The second-order expansion

15The integrations by parts can be justified using smooth cutoffs and taking limits. Finite second
moments suffice for the benchmark and planner problems, and moments through order 7 for Section 8.



of profits is

H%JOth@$ﬂh—@+%H%%%ﬂk—m2
+ e (k B) (k= R) (K = ) + wn(K) + o(||(k =k, K = B)])

where wp does not affect the firm’s choice. Likewise,

iPI)=P@) (i — 1)+ P @) i — i) — i) +w(I) +o(]|(i — i, T = 0)[]*)
D) = W@~ 1) + 0" @)~ 1)+ wy +o((i~ 7).

The terms that are linear in the firm’s state and action determine the steady-state
level and the linear term in the value function. As in a standard linear-quadratic
approximation, translating the problem into deviations from the deterministic steady
state eliminates these terms from the problem expressed in deviations. Using

k—k K-k i—1i I—i

r=—71 X=—— a=—, A=—,
k k 1 1

and dividing flow returns by II, the quadratic part of the return is

LRk B) 5 BTk b
VR (R.F) o | Fx(RF)
2 I I -
_1ERIGR) SRR

2 I I

aA.

This gives the coefficients stated in Section 3.1. The state equation becomes, to first
order,
dr = (o — x)dt + odW.

For TI(k, K) = kvU=Y" Kv/1 direct differentiation gives

k211 —1
_ ﬁkk = 1/77172 [77(1 — V) + l/] ,
EkaK n —1 2
— — — — 1
I1 n?
k2 (I II —1
— ( kk__l_ kxc) i v(l —v).
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Hence ¢ > 0, 0x < 0, and g + 0x > 0. If #'(6k) > 0, then 67 > 0.

A.3 Multiproduct Price Setting Example
A.3.1 Set Up of Static Firm’s Problem

There is a continuum of stores indexed by s € [0, 1]. Each store sells n products with
price vector ps = (pis, - - -, Pns). The products within a store are aggregated by a CES

subutility, whose unit expenditure function is

n 1/(1-7q)
o) = (Z<>) |
j=1

The conditional demand for product 7 per unit of the store composite is

o= () =onife):

Hence, if the household spends e, at store s, it purchases es/a(p;) units of that store’s

composite and its demand for product j is

o= i)

Across stores, the household has a symmetric Kimball aggregator C({C}) defined

by
e,
1:/T(—S) ds, T >0 Y <0,
0 e

where (' is the quantity of the store-s composite of the n products sold by store s.
The household has fixed total expenditure £ and satisfies

1
/ a(ps)Csds = E.
0

Consider one infinitesimal focal store charging the n-dimensional vector of prices p,

while all other stores charge the common n—dimensional vector P, thus omitting the



index s. Let

a\p _ _
p:(p17p27---7pn)7 P:(P17P27"'7Pn>7 y= ()7 qETl(l)?

and define the Kimball relative quantity-demand function

D(y) = (1) (¥ ')

The focal store’s composite demand is

o) (28,

and product-j demand is therefore

0. PiE) ~ (A0 22).

Consequently, actual static profit is

(. Pi) = () >0 - ()

j=1

Because E/(a(P)q) is positive and independent of the focal store’s own price vector p,
we work with normalized profit. The static problem for a representative multi-product

firm is

M(p, P) = i(pj = 2j)w;d ( ’ ) b (Z(%)

= a(p)

We let np(y) = _yD[();()y) be the demand elasticity, and 7}, (y) its derivative with

respect to its relative price.

A.3.2 Optimal Price Setting

The proofs of these propositions can be found in Appendix F.

Proposition 1 Consider a firm facing the rest of the firms charging prices given by

vector P. The optimal price pf(P) for each product i satisfies the Lerner condition



using the demand elasticity of the store aggregator:

a(p)
zi%foralli—l,...,n (41)
a(p
mw (i5) -1

At this level of generality, the expression in equation 41 should be thought of as

pi(P) =

a fixed point, since the vector p is on both sides of the expression. Nevertheless, this

expression makes clear that the markups are the same for all products.

Proposition 2 Let p be a vector of prices that satisfies p = p*(p), so it is a fized
point of the optimal price. Let ip = np(1). It is given by the Lerner formula evaluated
at price one
_ D
Pi = Zi =
np —1

foralli=1,....n

The proof of this proposition is an immediate result from Proposition 1. From
this proposition, a necessary condition for an interior solution is that np > 1. For
future reference we define the shares of each product j and the related function g; as:

) 1
Cl(p) and gj(p) = —Sj(p) forallj=1,...,n

_ Dy
S. = —
i(P) a(p) Op; D)

Proposition 3 Consider p = P = p, and let D = D(1) and a = a(p). Profits are
given by

We note that D = T~1(1). From now on, we freeze the values of z at a vector z,
which we use to define p. We can differentiate the Lerner condition and evaluate it

at p = P = p to obtain the following.

Proposition 4 Let p be a vector of prices that satisfies p = p*(p), so it is a fixved
point of the optimal price. Let 1, = np(1). If /o > 1 —7p, then

7

Op;(p) _ _ Tap—p ) or dlogp;(p)  T@p-vao 5;(p)
oP : 1 J dlog P; _np Y
J 1+ Go-bis 085 L+ o s



Note that the matrix dlog p*(p)/0log P is only symmetric in the case in which all

the shares 5; are the same.

A.3.3 Second Derivatives at Equilibrium Prices

Proposition 5 The cross derivative of the profit function I(p, P) evaluated at p =
P = p is a symmetric positive semi-definite (resp. mnegative semidefinite) rank 1

matriz if i, > 0 (resp. 7 < 0) given by

% = D(1) a(p) Z—i 9(0)g()", where g(p) = (s1(p)/p1, 52(p) /P2 - - - 50(P)/Pw) "

where s(p) are the shares corresponding to the aggregator a, and 7y, is the derivative

of the elasticity np evaluated at price one.

Proposition 6 Let p = p*(p). The Hessian of the profit function evaluated at this

point is given by:

O (p, p _ (np—1 _ 0] N L gi
#:—DG(WD ) |:<77D+nlil_nd) 99" + 1 d1ag(“i>
pop b "D Di

where D = D(1), and @ = a(p).

—_

Proposition 7 Let p = p*(p) be a fized point at which the first-order conditions hold

or p =p = P. Consider the own-price Hessian PUBD) 4 the cross-price matrix
Opdp
9°11(p,p)

5p0P - Their sum s

PI(p,p)  PI(p,p)  Da N e
apip + P (Mo —1) |(Mp —7Ma) g9 +ndd1ag(;i>}

where D = D(1), and @ = a(p). In particular, this sum does not depend on 7, the

parameter that controls the strategic complementarity.

A.3.4 Log Approximation and Summary

We define the log price deviations, and profits in terms of them as:

i P; ~ _ _ _ _
x; = log <];> , X; = log (T) , and I (z, X) =11 (e"“pl, e €5, €N Py eX"pn)

% %



This gives the following expression for the quadratic approximation:

Proposition 8 Assume that g > 0 and fp > 1. Define the second derivatives as:

B 1 0%I1(0,0) _ 1 0%I1(0,0)
Q::__ﬁaxo) dxdx and():__ﬁalo) 010X

Then

=/

Q= (p—1) KnD—nﬁ D 1) 55"+l diag(si)] :

Np —
©=-q,55"

Q+6O=(p—-1) [(ﬁD —7a)55" + 7a diag(Eiﬂ :

Then Q) + © s positive definite, and @ is positive definite if and only if % >1—1p.
Finally, if Q > 0, the derivative of the static best response at X =0 is

oz (X) e
& = Ui 5; foralli,j=1,...,n where z*(X) = argmax II(z, X)
an 1+ "D x
(Mp—1)p

The condition for () to be positive definite involves only the elasticity and super-

elasticity of the aggregator. Note that since Proposition 2 implies 77p > 1, the only

dz* (X)
X

symmetric unless 3; = 1/n, the matrix © is always symmetric. Moreover, the denom-

extra condition is that 7}, cannot be “too” negative. Note that while is not

inator of the expression for dz} /90X is positive under concavity of II(-, X), and hence

its sign is the same as that of 7).

B Analysis of the MFG with Cross Terms

This appendix considers the general quadratic period return in equation (1). We
derive the decentralized equilibrium and the planner’s problem under the restriction
Ox, = 60,7. Below we use Oy, for both matrices. Neither matrix needs to be
square or symmetric. This restriction preserves the symmetric Riccati structure of
Section 4.2, as we show below. The state equation and aggregate consistency condi-

tions are unchanged.



We maintain Assumptions AM and the initial, boundary, and integrability con-
ditions in Appendix A.1. For the general quadratic specification, we assume the
curvature condition

Q- Cr'C' ~o. (42)

This is the counterpart of Q = 0 after completing the square in the individual action.'

—12'Qr — iaTa+2'Ca= —12/(Q - CT7'C"x — (a —T7'C'z)T(a - T7'C'z).

When C = 0, equation (42) reduces to the maintained condition @ > 0.

B.1 Decentralized Equilibrium

Taking the paths of X and A as given, the individual value function satisfies
pu =y + 3 tr(Sug,) + max {ﬁ'(x,X, o, A) + u,(Ba — Az)}.
The first-order condition gives
a(z,t) =T [Buy(z,t) + C'v — O A(t) — O, X(1)]. (43)

The mixed term involving X affects the marginal return to the individual action,
while the mixed term involving A affects the marginal return to the individual state.
Using the quadratic value function in equation (8), substitution into the HJB and

matching the linear and quadratic terms gives

B = (pln+ A')B1 + OxX + Oxal — (BB + O)T T [B'f1 — O27 — Oy, X],
Bo=Q+ pPo+ BoA+ A'By— (BB + O\ Y (B'By + C").

The equation for (s is autonomous. Under equation (42), the argument in Proposi-
tion 2 gives Bo(t) = 2, where B3, is the unique negative definite stabilizing solution
of

(BaB + CYT™H(B'By + C") = Q + pPa + oA + A’ (44)

Thus the own cross term affects individual curvature. The interaction terms enter

16For the single-agent linear-quadratic problem with state-action cross terms, see Ljungqvist and
Sargent (2018, Chapter 5, Exercise 5.1).



the equation for (1, but not equation (44). The terms depending only on aggregates
enter [y but do not affect individual choices.
Integrating the optimal action in equation (43) and aggregating the Kolmogorov

forward equation gives

(T +04)A =B'(B1+ BX) + (C— Ox,) X,

. (45)
X =BA - AX.

Suppose ' + © 7 is invertible. To obtain the aggregate state—costate system, notice

that the first line implies
B'B — 034 -0y, X =TA— (BB, +C)X.
Substituting into the equation for 8; and adding 5, X yields

%(ﬁl + 52 X) = (pIn + A")B1 + Ox X — (C = Ox0) A + [(B2B+ C)T (BB + C') — BA] X
= (plo + A)(B1 + B2X) + (Q + Ox)X — (C — Oxa) A,
(46)
where the second equality uses equation (44).
Following Section 4.2, we look for a saddle path with 3, = SX and set P = S+ f3,.
Substitution into equation (45) and equation (46) gives

A=T+0605)7"'[BP+(C-06x.)]X,
(PB+C —Oxa)A = [@+6Ox +pP+PA+ AP|X.

Combining these expressions gives the equilibrium Riccati equation:

(PB+C —0x,)T+07) ' [BP+(C—06x,)] =Q+Ox+pP+PA+ AP
(47)
The aggregate law of motion is

X = [B(r +0.4) ' [BP+(C—Oxa)] - A] X, (48)

The restriction O x, = ©,7 makes the two outer factors in equation (47) transposes
when P is symmetric. Without this restriction, the first factor would contain C' —

©.2 and the second would contain (C' — Ox,)". The symmetric Riccati structure

9



would then not follow in general. The counterpart of the sufficient conditions in

Proposition 9 is

F+@ﬂ>‘0,

(49)
Q + @X — (C — @Xa)(F -+ @ﬂ)_l((] — @Xa)/ = 0.

To see this, consider the single-agent problem with period return
—1X'(Q+0x)X — AT +042)A+ X' (C—Ox4)A,

discount rate p, and state equation X = BA — AX. Its first-order conditions are
equation (45) and equation (46), with 8; + B2 X as the marginal value of the state.
Completing the action square gives the state curvature in equation (49) and drift
coefficient —A + B(I'+© 7)"}(C — Ox,)". Together with the rank assumption on B,
these conditions give a unique negative definite stabilizing solution to equation (47).
The eigenvalues of the coefficient in equation (48) have real parts below p/2. As in
the benchmark, convergence to zero requires negative real parts.

Subtracting the aggregate action from equation (43) gives the full policy and the

law of motion for deviations from the cross-sectional mean:

(1, t) =Y BBy +C)(x— X))+ (T +60,)"" [B’P + (C — @Xa)’}X(t),
d(z — X) =[BT Y(B'By + C') — A](z — X)dt + SY2dW.
The separation between individual and aggregate adjustment is therefore unchanged.

The interaction terms affect aggregate adjustment but not adjustment relative to the

mear.

B.2 Planner’s Problem

The utilitarian planner chooses «a(z,t) for every state and date. As in Section 5, it
maximizes the discounted integral of the period objective, subject to the Kolmogorov

forward equation and the same initial distribution. Averaging the complete return in

10



equation (1) gives
U(m, ) = /ﬁ(m,X,oz(:r),ﬂ)m(x)dx

= — %/w’@xm(x)dx— %/a(x)'f’a(x)m(m)dx

+ /x'C’a(m)m(m)dm —1X'(260x + Ax)X

(50)

— %ﬂ/(Q@ﬂ + Aﬂ)ﬂ — X/(Q@Xa + AXﬂ)ﬂ.

Each mixed interaction contributes —X'©x,A. The terms depending only on aggre-
gates also enter the planner’s objective.

To separate individual and aggregate adjustment, write z = X + (z — X)) and
a = A + (a— A). The deviations have zero cross-sectional means, so equation (50)

becomes

+(x — X)C(a — A) |m(z)dx

—1X'(Q+20x + Ax)X
— AT +207 + A) A+ X'(C —20xq — Axa)A.

(51)

The corresponding laws of motion are
X =BA-AX, dz—X)=[Bla-Ja)— Al — X)]dt + £2dW.

The objective contains no cross terms between the means and the deviations, and the
two laws of motion depend separately on A and o — A. The planner can therefore
choose individual adjustment relative to the cross-sectional mean separately from
aggregate adjustment. The first problem retains the coefficients @, I', and C, so its
value curvature is 35 from equation (44). Its optimal action relative to the mean is
I~Y(B'By + C")(z — X), which has zero cross-sectional mean. The second has state
curvature ) + 20x + Ay, action curvature I' + 20 7 + Az, and cross coefficient
C —20xqa —Axa.

Under the sufficient conditions stated below, write %X 'P*X for the value of the

11



mean problem. Its action condition gives
A=T+20,+A7)" [B’P* + (C —20x, — AX‘/’{)/}X.
Substituting into the HJB and matching the quadratic terms gives

(PB4 C —20xq —Axa) T +204 +Aq)" "
X [B/P* + (C — 29Xo¢ — AXﬂ)/} (52)
=Q+20x + Ax + pP*+ P*A+ A'P".

The cross coefficient is C' in the individual problem, C'— ©x,, in equilibrium, and C' —
20 x, — Ax 7z for the planner. The planner internalizes both sides of each interaction,
while the own cross coefficient C' is unchanged. Each aggregate-only coefficient enters
once.
In addition to equation (42), convenient sufficient conditions for a finite optimum
are
I'+20,+Asz >0,
Q+20x +Ax — (C—20x, — Axa) (53)
x (T 4204+ A7) HC —20xq — Axz) = 0.

These are the counterparts of equation (49) for the mean return in equation (51).
Completing the action square and using the rank assumption on B gives a unique

negative definite stabilizing solution P* to equation (52). The full planner policy is

o () = TV (BB + C')(w — X(2))
+ (T 4204 +Ar) ' [BP +(C—20x, — Axa)' | X (D).
Its cross-sectional average gives the planner’s aggregate action, and the aggregate
state follows X = BA — AX. Under equation (53), the eigenvalues of this aggregate
law have real parts below p/2; convergence again requires negative real parts. The

law of motion for x — X is the same as in the decentralized equilibrium. The maximal

discounted objective from my is

LX(0)P*X(0) + / (z — X(0)) Bo(z — X (0))mo(z)dz + 2iptr(252>.

12



The policy can also be obtained from the planner’s Lagrangian, as in Section 5. Let
A(z,t) be the multiplier on the Kolmogorov forward equation. Using equation (50),

the first-order condition for the action is
FOz*(CL’,t) = B,)\z($,t) +C'z — (2@][ + Aj[)ﬂ - (2@Xa + AXﬂ),X.

Substituting A, (z,t) = B2(z — X (t)) + P*X(t) recovers the policy above.

The symmetry restrictions used in the decentralized analysis are not needed for
the planner. Because the planner internalizes both sides of each interaction, the
state and action interaction matrices appear together with their transposes in the
first-order conditions. The two mixed interactions enter through their sum. The
planner’s Riccati equation therefore remains symmetric. With cross terms present,
completing the action square also changes the drift coefficient. The persistence results
must therefore be applied to the resulting coefficients, rather than to the interaction

matrices alone.

C Proofs of Results in Sections 2—4

For compactness within the proofs in this appendix, write D = B(I' + © 7) ' B'.

Proof. (of Proposition 1) Write @ = C'C. Since @ > 0, C has full column rank.
Hence no nonzero eigenvector of —A — pl,,/2 can belong to the null space of C', which
gives detectability.

Because B has full row rank, so does BI'~Y/2. Let R be a right inverse, BI'"'/2R =

I,,. For any ¢ > 0, choose

L:R<A+gfn—cln>.

Then
BI-V2[ — A — gfn .

Thus (BT ~'/2,—A — plI,,/2) is stabilizable. The standard infinite-horizon regulator
result then gives the unique stabilizing quadratic value function for the uncoupled

problem.

Proof. (of Proposition 2) For given paths of X and A, the quadratic coefficient of

13



the HJB is independent of both paths. Matching the terms that are quadratic in x
gives equation (11). This is the Riccati differential equation of the uncoupled single-
agent regulator. Under Assumptions AM, detectability and stabilizability imply that
its infinite-horizon solution is the unique negative definite stabilizing solution of equa-
tion (12). The infinite-horizon transversality condition therefore requires 35(t) = 3»

at every date. [.

Proof. of Proposition 3. We replace A (t) from equation (13) into equation (10).
This gives

Bi(t) = (ol + A" — BB (T +©2)"" B') Bi(1)
+ [B2 (BT7'B' — B(T +©4)"' B') B + Ox] X(t)

Indeed,

= (pL, + A' — B BT 'B') Bi(t) + Ox X(t)

+ BoBT 0,4 (T+6,) ' B (Bi(t) + BaX (1))

= (pl, + A' = BoBT'B' + B, BT 101 (I + ©0.4) ' B) Bi(t)
+ [BBT 04 (D +6.4) ' BB+ Ox] X(t)

— (pI,+ A' = BB (T —=T7'0,4 (T + 0.4)7") B) (1)

[BoBI'© 7 (L +04)" B’Bz+@x] X (t)

= (pl, + A = BB (T +64)"' B) Ai(t)

B> (BT 'B' — BT'+6,)'B ") B2 + Ox] X(t)

_|_

_|_

The last equality uses that I™' —T710; (T +04) ' = (T +0,)"". O

Proof. (of Proposition 4) The proof proceeds in several steps. The integrations by

parts below are justified using the smooth cutoffs and limits noted in Appendix A.1.7

1. Law of motion for X;: We substitute the p.d.e. for m; into the definition
of X;(t) to write an equation for the time derivative of X;, denoted by X;(t),
in terms of integrals of m and H (u,,t) = H(uy(z,t),z, A(t)) to simplify the

17Since H, is affine in x and X is constant, finite second moments suffice. The boundary expressions
below are understood as formal shorthand for these cutoff calculations.

14



notation.
Xi(t) = /-~-/ximt(x,t) dxy ...dx,
:_//x Zn:(Hpj (Y m(x,1)), day ... da,
j=1
+%//x SN okt (@,1) day . da,
ko J

2. No contribution from the Laplacian into X. We show that the term on
X; with integrals of second derivatives of m is zero, i.e. we show that 0 =
Jxid, Ok My (x,t) dz. For this we use the assumed boundary conditions

of m. Consider
Ai = //1‘Z Zzakjmxkxj ({L‘,t) dZL'ldl‘n = ZZA;W
E J kK J

where for an arbitrary combination k, 7 we have

Aij = 0y / . / [/ T My, (2, 1) dxk} dzry ...dry_1dxyyq ... dx,
—_———

n—1

We will argue that A};j = 0. We first analyze the integral inside the braces,
namely [ z; Myye; (T,1) dry. We consider two cases. First, assume that i # .

In this case:

0
/xi Mgy o; (2,1) dog, = xi/a—kawj (x,t) dxy,
= 2; (Mg, (21,...,+00, ..., Zn,t) — My, (T1,...,—00, ..., Ty, 1))

=0

where the equality follows from the assumed boundary conditions on m. If k = ¢

15



we use integration by parts:

/I Mz, (I t) dxz - xz%mzj (l’,t) dCL’Z

= ximxj(xl,...,xi,...,xn,t)\fg—/ Mg, (T1,- ., Tiy oo, Tp, t) dg
—00

where the equality follows from the cutoff argument described above. Thus we

have:

Aﬁj =0;j / . / [/ T My, (2,1) dxl-] dry ...dr;_1dxiyq .. .dzx,
\_v_/
:—O'U/ /{/81‘] .Tl,...,l'i,...,.%n,t) d$2:| d.%'l...d.fi,ldl'prl...dl'n

:—a”/ /(91:] (x1,...,xp,t)dxy ... dxy
aij/.../{/%m(xl,...,a:j,...,a:n,t)d:vj} dxl...dxj,ldxjﬂ...dxn
X 1 , J

:—aij/---/[m(ml,...,+oo,...,a:n,t)—m(ml,...,—oo,...,a:n,t)]dml...dxj_ldmj+1...<

n—1
0ij / . / 0 dCC1 Ce d$j,1d$j+1 ce dl‘n
1

I
o

where we use the previous result, reorder the integral twice, and use the bound-

ary conditions for m.

16



3. Simplifying the expression for X;. Using our previous results we obtain:

Xi(t) = — / . /% Z (Hp, (uy(x,t),t) m(:v,t))xj dzy ...dx,

:/.../Hi(ux(x,t),t)m(a:,t)dxl...dmn

We can also write it in vector form as:

X'() = /.-./Hp (o (@, ), £) m(z, £) dzs . ..
where X’ and H,, are row vectors. To see why this has to hold we write:
X;(t) = — / > /:1:1 i (Hyp, (ug(z,t),1) m(x,t))xj dxy . ..dz,
j=1
=— / > /xZ (Hyp, (uz(x,t),t) m(x,t)), dxy...dw,
— / /a:z z”: (H,, (ux(x,t),t)m(:p,t))xj dzy ...dz,

j=1,ji

1

_//x S (Hy, (s ).ty m(z, 1)), day . de,

_//x S (H,, (us(w.t).t)m(x. 1), dey .. dr,

where the integration by parts is justified by the same cutoff argument. Fix a

17



z; (Hy, (ug(z,t),t) m(z, t))xj dxy...dz,

x; / (Hy, (uy(x,t),t) m(z, t))xj dasj} dry...drj_qdzjq ... dx,

: /az:z -Hpj (ug(x,t),t) m(z,t) xj:+oo] dey...drj_ydzjq ... dx,

where the equality follows from the cutoff argument, using that H, is affine in

Z.

4. Derivative of Hamiltonian on X. The next step is to substitute the expression
we have for the derivative of the Hamiltonian in terms of ’s into the law of

motion for X.
X'(t) :/---/Hp(ux(x,t),x,ﬂ(t))m(x,t)dxl...dmn
Using H,(uy(z,t), 2, A(t)) = [(B1(t) + 2/B2) B— A'© 4| 'B' — 2/ A":
X’(t):/--/Hp (ug(x,t),t)m(z,t) dzy ... dx,
_ / / (([B4(8) + 2'Bo] B — A(£YO) TB' — 2’ A') mz, t) day ... dz,
:// [8,(t) + 'Bs) m(z,t) dy ... dz,, BT B
—/---/ﬂ(t)’@ﬂf‘_lB’m(x,t) dry .. .dz,

_/.../x'm(q;,t)A’dxl...da:n

We now use that X = [ am(z,t)dz, and that [ m(x,t)dz =1 so that:

X'(t) = / [B1(t) + ' Bo] m(x,t) dz BT 7' B — A(t)©;T'B' — /q:’m(x, t)dx A’

= B1(t)BI'B' — A(t))©:T'B' + X(t) (3BT 'B — 4A')

18



Transposing this expression we get:

X(t) =BT 'B'Bi(t) + (BT 'B'By — A) X(t) — BT 014 (1)

5. Now we are ready to obtain our final expression. Using the aggregate optimal

action obtained above,
A(t) = (T +602)" B' (Bi(t) + BX(1))

and substitute it into the transpose of the expression we obtain in the previous

step:
X(t) =BT 'B'Bi(t) + (BT 'B'By — A) X(t) — BT 014 (1)
Then we obtain:

X(t)=BI'BBi(t)+ (BT 'B'B, — A) X(t) — BT 'O, (T + 0.4) ' B' (Bi(t) + B X (1))
=Bl [[, - 04 (T +0,) "] B (Bi1(t) + 52X (1)) — AX(t)
=BT +0,) " B (A(t) + 5X(t) — AX(t)

which is the desired expression. [J

Proof. (of Proposition 5) Subtracting pls, /2 from # in equation (14), its upper-left
block is minus the transpose of its lower-right block, while both off-diagonal blocks are
symmetric. Hence # — ply, /2 is Hamiltonian. The spectrum of a real Hamiltonian
matrix is invariant under multiplication by —1 and under complex conjugation. Re-

centering the spectrum at p/2 gives the four eigenvalues stated in the proposition. [

Proof. (of Proposition 8) Suppose P? and P! are two symmetric solutions of equa-
tion (16) whose closed-loop eigenvalues have real parts below p/2. Let A = P! — PY
and define

é@':DPi—A—gfn, i=0,1.
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Subtracting the two Riccati equations and collecting terms gives
(G'YA+AG" =0.

Both matrices in this Sylvester equation are stable. Hence the equation has the unique
solution A = 0. Therefore P! = P% and the associated saddle path and aggregate
law of motion are unique. The integrability conditions in Appendix A.1 imply that
equilibrium paths lie in the invariant subspace of H associated with eigenvalues having
real parts below p/2. This subspace is isotropic. If (v,0) belongs to it, invariance
and isotropy imply v’Dv = 0. Since D is positive definite, the projection onto X is

injective, establishing uniqueness for a given initial density. [J

Proof. (of Proposition 9) Let Q=0Q+0Oxand C = A+pl, /2. The Riccati equation
can be written as

PDP — PC —C'P=Q.

Completing the square gives
(P-C'D)D(P-D7'0)=Q+C'D'C=E.

The left side is of the form L'DL and is positive semi-definite. Thus E > 0 is
necessary.

If @ > 0 and D > 0, use the regulator correspondence in Appendix H. The asso-
ciated regulator is detectable because @ is positive definite and stabilizable because
D is positive definite. It therefore has a unique positive definite stabilizing solution.
Under the correspondence X = — P, this gives a unique negative definite solution of
equation (16) for which DP — A — pl,,/2 is stable.

In the scalar case, write D > 0, ¢ = q¢ + 0x, and A = a. The two roots are

p+2a ++/(p+2a)?+4Dq
b= 2D ‘

The root with the minus sign is admissible exactly when the discriminant is strictly

positive. This is equivalent to

it (a+p/2)?

>0
D )
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which is the strict scalar version of the necessary condition. [

Proof. (of Proposition 10) Consider differentiating the expression for P with respect
to a small change in © x and © 7. We will denote the derivatives with respect to these
changes with a dot. Differentiating equation (16) with respect to the changes in ©y

and © 7 gives
PG+GP=6x—-PDP, G=DP-A-"LI,
Since é is stable, the Sylvester equation has the solution:
Pza—/mé%<®X—PDP»ﬁ%& (54)
0

If only the state interaction changes and strategic complementarity increases, then

Oy <0and D =0, so P > 0. If only the action interaction changes, then
D=-B('+0,) 0 +6,)'B.

Thus © 4 < 0 implies D > 0. In that case Ox = 0 and —PDP < 0, again implying
P = 0. Integrating along a path between the two interaction matrices gives the two

orderings in the proposition. [J

Proof. (of Lemma 2) We prove a lemma for the differentiable version of the compar-
ative static, which implies the discrete one by integration. Let ©x(¢) = Ox(0) +€eOx
and © 7(e) = ©.4(0) 4+ €O 4, where € is a small positive scalar. Assume that Oy is
negative definite, so that © x(e) has more strategic complementarity than © x(0), and
©  is positive definite, so that © 4 () has more strategic substitutability than © 4 (0).
Then tr (J + G)(€) > tr (J 4+ G)(0).

We will differentiate the Riccati equation and the corresponding closed-loop ma-
trix with respect to changes in © x and © z, which we denote with a dot. Differentiate
the closed-loop matrix J + G = M = DP — A and take the trace

tr M = tr(DP) + tr(DP),

since A does not change. First we will consider the term tT(DP). Using the expression
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for P in the proof of Proposition 10 in equation (54),
P=— /OO eG's (@X — PDP) eGeds.
0
Premultiplying by D and taking the trace gives
tr(DP) = — /00 tr [Deés (@X — PDP) eés] ds.
0
By cyclicity of the trace,
tr [ D" (6x = PDP) 5| = tr |5 D (6 — PDP)|.
Therefore,
tr(DP) = — / e [(@X - PDP) e@De@’S} ds
0
— —tr { / N (6x — PDP) egsDe@sds]
0
= —1tr [(@X - PDP) /Oo eésDeésds]
0

Let the matrix W be -
w :/ e%* De%"*ds,
0

which is the solution of the Sylvester equation éW + Wé’ = —D. Using W,
tr(DP) = —tr [(@X - PDP) W] = —tr [W (@X - PDP)} ,

and hence
tr(DP) = —tr(WOx) + tr(WPDP).
Adding the remaining term and using the cyclicality of the trace, we obtain
tr M = —tr(WOx) + tr(WPDP) + tr(DP)
= —tr(WOx) + tr(DPW P) + tr(DP)
= —tr(WOx) + tr (D(P + PWP))
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The first term gives the comparative static of tr M with respect to ©x. The second
term gives the comparative static of tr M with respect to © 4. Each of the two is the
trace of the product of symmetric matrices. The first term has matrix W which is
positive definite, given that D is positive definite. To establish the sign of each of
the two terms, we first work with the matrix in the second one. Let V = —P~! = 0.

Multiplying the Riccati equation on the left and right by P~! and rearranging gives
GV+VG =—-D—V(Q+Ox)V.
Subtracting the Lyapunov equation for W yields
GV —W)+(V-W)G =-V(Q+6x)V.
Because @ is stable and @ + ©x > 0, V — W > 0. Hence
P+ PWP=—-P(V -W)P <0.

Now we are ready to show the main result. Recall that the trace of the product
of two (symmetric) positive definite matrices is positive, and likewise a positive times
a negative definite is negative. If state complementarity increases, then ©x < 0 and
the first term is nonnegative. If action complementarity increases, then D = 0 and

the second term is nonpositive. Strict changes give strict inequalities. [

Proof. (of Proposition 12) The closed-loop matrix is similar to
D Y3(DP — A)DY? = DY2pDY? — D712ADY2,

The condition that D~'A is symmetric implies that D~1/2ADY? is symmetric. Thus
the displayed matrix is symmetric. If ©% < 0%, Proposition 10 gives P — P% = 0,
and hence

DY2(P' — PYYDY? - 0.

The monotonicity of the ordered eigenvalues of symmetric matrices in the Loewner

order gives the conclusion. [

Proof. (of Proposition 13) Let Q = Q + Oy and define T = DY2PD'2. When
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A = al,, multiplying equation (16) by D'/? on both sides gives
T? — (p+2a)T = DV2QD'?.

The right side is a polynomial in the symmetric matrix 7', so the two matrices com-
mute and can be diagonalized by the same orthogonal matrix. If y; is an eigenvalue
of DY2QDY?, the corresponding eigenvalue t; of T satisfies t3 — (p+2a)t; = ;. The

p P\?
tj:a+§—\/<a+§> + 1.

The matrices DP and T are similar, and the eigenvalues of D/2QD'/2 are the same
as those of QY/2DQ?2. Therefore \; = t; — a gives equation (19).

For fixed D, a decrease in é lowers every j; and therefore raises every \;. For

stabilizing root is

fixed @, a decrease in © 7 raises D, which raises every p; and lowers every A;. Finally,

A; < 0 if and only if
P\ 2 P\ 2
(a+5) +1>(5)

which is equivalent to p; + a(a+ p) > 0. O
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ONLINE APPENDIX
FOR THE AUTHORS’ WEBSITES

D Proofs of Results in Sections 5—8

Proof. (of Proposition 14). We start by noticing that minimizing the Lagrangian L
with respect to A enforces the Kolmogorov forward equation, so we include it as part
of the solution. The second step is to rewrite the constraint terms in the Lagrangian
by repeatedly integrating by parts. This will produce a linear expression in m, except
for the terms in U.

We write the Lagrangian as

L(a,m,\) = lim {/0 e P UML), at)) dt

T—o0
T
—/ /e_pt/\(x,t) div((Ba(x,t) — Az)m(z,t)) dx dt
0
T
+/ /e_pt/\(a:,t) (2 tr(Emgs(, 1) — my(z,t)) do dt}.
0
1. We start with the first term involving the divergence:

- /e_pt)\(x,t) div((Ba(x,t) — Az)m(z,t)) dz

- —/e_pt)\(x,t) Z [(Z B, o (z,t) — ZAijxj) m(x,t)] dx.

=1 r=1

i



For each term in the sum, we reorder the integral and integrate by parts in x;:

k
_ / Az, 1) [(Z By, (x,1) ZA,]%> m(z t)] dz;

x;
k

/ 2 (2, 1) (Z By (z,t) ZAU%) m(x,t) dx;
;=00
t) (Z B; o (x,t) — ZAU%) m(x,t)
r=1 j=1

Tr;=—00

The boundary term vanishes under the maintained boundary and growth con-

ditions. Thus we have
T
- / /e_pt)\(x,t) div((Ba(z,t) — Ax)m(z,t)) dx dt
0
T n k n
= / /e”tm(x, t) Z A, (z, 1) (Z B o (z,t) — Z Aijxj) dx dt.
0 i=1 r=1 j=1

2. For the second term, we focus on the inner integral:

/)\(x t) tr(Xmy,(z,t)) de = ZZU;W/ / T, )My, (2,t) dy - - - dy,

k=1 j5=1

Take the case j = k and concentrate on the dz; integral:

[Nt o) dny = = [ s om0+ M )22

_ / Aoy, (. Oym(z. £) di; + Nz, tymy, (z,1) [

— Ao, (, tym(z, t) [P

= /)\zjzj(x,t)m(x,t) dz;.

We eliminate the boundary terms using the corresponding growth conditions

on A and A;; and the maintained assumptions on m and my;.



Now consider the case j # k and change the order of integration:

// (2, )My, (1) dz;j day = // (z,t)my, (z,t) dz; dxy,

/ A, ) (2, O[5 da

// o; (@, )My, (2,1) dzj doy.
So we have

// (z,t)my, (x,t) dr; dxy, = — // (z,t)my, (x,t) doy, dx;
_/[/)\xjmk(x Himz, t) da

A, (2, me, )22 1%] da

// 2z (T, t)m(2, ) doy de;.

Integrating over the remaining coordinates, summing, and integrating over time

gives

/ /e PN, )2 tr(Smg,(z, 1) do dt = / / )2 tr(ENee (2, 1)) da dt.

3. Third, for the remaining term, we change the order of integration and integrate

by parts in time:

—/0 Az, t)e P'my(z,t) dt:/o e Nz, t) — pA(a, )] m(z, t)dt  — e PNz, t)m(z,1)]

t=T
t=0 "



We use these identities to rewrite the Lagrangian as
T
L(a,m, \) = lim / et {—%/x’@x m(z,t)de — X (t)OxX(t) — %X(t)/AXX(t)} dt
0

+/0 e Pt {—%/a(x,t)Ta(a:,t)m(x,t) dx
—A(t) O A(t) — 3 A () AaA(t)] dt

/ /e Pt [2/\ (z,t) (ZBwarxt Zwa]>
/ /e Pt (S (1)) — pA(, t) + Me(2, )] m(z, t) da di
t=T

=0 }
The derivative with respect to a(z, t) also takes into account that A (¢) = [ a(x,t)m(z,t) dx.

The first-order condition is

m(x,t) dz dt

— ept/)\(w,t)m(a:,t) dx

0= -Ta(x,t) — (07 + Ox + Ax)A(t) + B'X\y(z,1).

Thus, the optimal action is also the maximizer of the planner’s Hamiltonian H*.
At an action profile satisfying the first-order condition, differentiating L(«,m, \)
with respect to m(z,t), holding « fixed, gives

OL(a,m, \;w,t)
om

= _"t[ ¥’ Qx — ()’(@fx—l—@x—l—/\x)x}
+maxe " {—1a'Ta— A(t) (07 + O1 + Ax)a

a€ERk
n k n
+ Z Ao (2, 1) (Z Bi o, — Z Aij$j> }
i=1 r=1 j=1
+e Pt [% tr(XApe (2, 1)) + N2, t) — pA(z, t)]

forall 0 <t < T and all x € R™.



Note that we can write

H*(Np(2,t), 2, A(t)) = max {—3a'Ta — A(t) (07 + O1 + Ax)a

a€RF
n k n
=1 r=1 j=1

= max {—1a'Ta — A(t) (07 + O1 + Ax)a+ A(z, 1) (Ba — Az) }

aERk

where A, (z, t) is the n-dimensional vector of derivatives of A. Thus, setting the density

derivative equal to zero gives

pA(z,t) = — 1'Qr — X (1) (O + Ox + Ax)x + H* (N (2, 1), 3, A(1))
+ 2tr(Sea (2, 1)) + Ae(z, ).

The terminal condition is limy_,o e ?ZA(2, T) = 0. Finally, the envelope theorem

gives H*(p, z, A) = Ba*(p, A) — Ax, so the Kolmogorov forward equation is
my(x,t) = — div(Hy (Ao (2, 1), 2, A(t))m(z, 1)) + 5 tr(Smae(z, t)).

The definitions of the aggregate state and aggregate action give

X(t) = /a:m(x,t) dz,
A(t) = /a*()\x(x,t),ﬂ(t))m(x,t) dx.

OJ

Proof. (of Proposition 15). The aggregate-state terms in the planner’s instantaneous
objective are —X'OxX — %X '"AxX. Their contribution to the density derivative
is —X'(Ox + © + Ax)x. Similarly, the aggregate-action terms are —A'O 7 A —
%ﬂ '"A 7 A. Their contribution to the action first-order condition, per unit of mass,
is —(©4 + ©'; + Az)A. These are the terms that distinguish the planner’s first-
order conditions from those of an individual agent. If the interaction matrices are
symmetric, the planner’s HJB and optimal action coincide with the decentralized

HJB and optimal action after replacing

Ox by 20x+Ax, ©x by 207+ Az



The consistency conditions and the KFE are otherwise unchanged. Applying the
equilibrium construction in Section 4 with these modified matrices gives equation (20).
O

Proof. (of Proposition 16) We first derive the system equation (24)—equation (27).
From equation (23),

vy = 51X + Sox, vx = Sir + S3X.
The optimal action for given (M, C) is therefore
. (z,X) =T [B'(S,X + Sex) — ©,0X].
Substitution in the Hamiltonian gives

1
H(vy,2,CX) = 5 [B'(S,X + Syz) — ©4CX]) T7H[B/(S,X + Shx) — ©,4,CX]
— (SlX + ng)/Ax.

The common jump shifts z and X by the same amount. For the quadratic value

function,

1 1
év(x—i-T,X—l—T)—l—Ev(x—T,X—T)—v(x,X)

. 1 1

Matching the constant, zX, 2%, and X? terms gives equation (24)-equation (27).

We next obtain the law of motion for the aggregate state. We fix a coordinate



and evaluate the stochastic process of X;:

0X,(0) = d [ 2y m(z. )iz
— / {_ div (Hp(vy(z, X (£)), 2, CX (t))m(x, 1)) + %tr (B (2,1)) | 25 d dt
n / (m(x — T,t) — m(x, 1)) z; de AN ()
n /R (m(z + Y, ¢) — m(z,t)) z; dz AN~ (¢)

- / S (Hy (v, X (1), 2, CX(5))m(, 1)),y dadt + X5 dN*(t) — T AN (1),

where the term involving the second derivatives of m is zero using the boundary
conditions in Appendix A.1.

Now we split the sum in two terms:

dX;(t) = —/ (Hp, (ve(z, X (), z, CX (t))m(z, t))x xjdxdt

—Z/ Hy, (va (2, X (1)), 2, CX (t))m(x, 1)), xjdedt +T;dNT(t) = T;dN(t).
i#j

Take a typical term i # j. Then

/ (Hp, (ve(, X (1)), 2, CX(t))m(z,1)), dx
/GR” 1/ bi Ux T X )) z, OX( )) (l';t))xi dIZd:E,
_/ERn 1 {hm Hy, (vy(z, X (1)), 2, CX(t))m(z,t) — lim Hp, (vy(x, X(t)),z,CX(t))m(x,t)| d',

T;—>00 T;——00

which is zero using the boundary conditions in Appendix A.1. Thus,

dX;(t) = —/ (Hp, (va(, X (1)), z, CX(t))m(x,t))xj z;drdt+T;dNT(t) — Y;dN(t)

= Hy (ve(2, X(t)), 2, CX(t))m(z,t) dz dt + T; dJ(1).

Rn



In vector form,

dX(t) = | Hy(va(x, X(1)), 2, CX(&))m(z,t) do dt + T dG(1).

R

Using the derivative of the Hamiltonian,
H,(p,z,CX) = Bl (B'p — ©;,CX) — Auz,
we obtain
X () = / (BT (Bluy (2, X(8)) — ©4CX () — Az] m(x,t) da dt + Y dg (1)
Using v, (2, X) = $1X + Sox and X (t) = [z m(x,t)dx, this becomes
dX(t) = [BI ' (B'(S1 4 %) — ©4C) — A] X(t)dt + T dJ (t).

Since P = S;+ S5, comparison with equation (21) gives M = BT~} (B'P — © 7C)— A.

We next impose the equilibrium condition for aggregate actions:
CX(t) = / c(va (2, X (1)), OX (£))m(z, 1) de.

Using the optimal action, a.(p, A) = T~ (B'p — ©7A), together with v,(z, X) =
S1X + Sz and X (t) = [z m(z,t)dz, gives

CX =T [B/(S) + Ss) — ©4C] X.

Since this holds for every X, (I'+© 7)C = B’P . Using this expression in the equation
for M gives M = BC' — A. Since I' + © z is invertible, we obtain

C=T+06,4)"'BP M =Bl +0,)'B'P- A,

which gives equation (28) and equation (29). The equation for S, in equation (26) is
the same single-agent Riccati equation as in the case without common noise. Hence

Sy = P



Finally, we add equation (25) and equation (26) obtaining

p(S1+S5) = — (Q+0Ox) + SoBT'B/(S; +S5) — S, Bl 10 ;C
— A'(Sy + S,) — S2A + Si M.

Using P =51 + S5 and B'P — © 7C =I'C, the terms involving Sy satisfy
SQBFil (B/P - @ﬂC) - SQA - SQBC - SQA == SQM

Therefore, pP = —(Q + ©x) — A’P + PM. Substituting M = B(I'+©4)"'B'P - A
gives

pP=—(Q+0Ox)— AP+ PBI+6,)'BP-PA.

Rearranging,
PBIT 4+ 0©4) 'BP=Q+06x +pP+PA+ AP,

which is equation (16), the same Riccati equation as in the case without common

noise. [

Proof. (of Proposition 17) Subtracting equation (30) from the individual state equa-
tion and using equation (32) gives dz = (BI'"'B’'By — A)zdt + X'/2dW. The com-
mon jump cancels because it moves the individual and aggregate states by the same
amount. Likewise, a« — A = I'''B'Byz. Hence the two reduced-form coefficients

available from demeaned data are
Uz',z = BF_IB/B2 - Aa Ua,z = F_lB/B2-
Neither contains ©x or © 4, which proves Proposition 17. [J

Proof. (of Proposition 18) The conditional drift of the observed aggregate process

identifies Uy y = DP — A. Since D and A are known and D is invertible, P =
DY Uyx x + A). The Riccati equation then gives

©x = PDP — pP — PA— A'P — Q.

Every object on the right is known or identified from the aggregate time series, so



Oy is uniquely identified. [J

Proof. (of Proposition 19) The observed processes X(t), z(t), and A(t) identify
Ux x1Us.z Ua x. Using equation (30) and equation (33),

UX,X - BUO[,X - A,

so, since B is known,

A=BU,x — Uy x.

Next, equation (31) gives
Us.= BTl 'B'B, — A.
Under Assumptions AM, BI'"'B’ is invertible. Hence
By = (BT7'B) ' (U.. + A).

From equation (33), (I' + ©4)U,x = B'P. Since B has full row rank, BB’
is invertible, and therefore P = (BB')"'B(I' + ©.7)U, x. The single-agent Riccati

equation then identifies
Q = 3BT 'B'fy — pfs — B A — A'fs.
Finally, the equilibrium Riccati equation identifies
Ox =PB(l +04) 'B'P—pP - PA—-A'P—Q.
Thus @, O, and A are uniquely recovered. [
Proof. (of Proposition 20) The observed processes identify

UX,X = BUO&,X - Aa UZ,Z = BUa,z - A7
Ua,X = (F + Gﬂ)_lBlpa Uoz,z = F_lB,B?

Subtracting the two drift coefficients gives
Us. —Uxx =B Ua:—Usx).

10



Since n = k and U,,. — U, x is nonsingular, this identifies
B = (UZHZ - UX,X) (Ua,z — Ua,X)_l :

The aggregate drift then identifies A = BU, x — Ux -
Since n = k, Assumptions AM imply that B is nonsingular.

coefficients therefore identify
P=(B)"'T+01)Usx, Po=(B)"'TlU,..
The single-agent Riccati equation identifies
Q = BT 'B'fBy — pfy — oA — A'p,.

Finally, the equilibrium Riccati equation identifies

Ox =PBI +0,)'B'P—pP—-PA-AP-Q.

Thus @, Ox, A, and B are uniquely recovered. [

The two policy

Proof. (of Proposition 21) Using the definition of M,., differentiating with respect to

time, and substituting the Kolmogorov forward equation gives

M, (t) = — /x’" (Hp(ug(z,t), x)m(x,t)), dx + % /xrmmx(af,t)dx.

The boundary conditions in Appendix A.1 and two integrations by parts imply

/xrmm(x, tyde =r(r — 1) M,_o(t).

Here and below, My(t) = 1 and M_,(t) = 0. A further integration by parts gives

—/x” (Hp(usz(z,t), x)m(x, 1)), do = r/x"_al(u;B(x,t),x)m(x,t)dx.

Since
Hy(ug(2,t),2) = 75" (Bi(t) + Baz) — ax,

11



we obtain

M, (t) = r (v5' B2 — @) My (t) + 15" B (8) My (£) +
which is equation (34). O

Proof. (of Proposition 22) At a steady state, the equation for the first moment is
0= (v5'B2—a) M1+ 5" B

Since a — fygl B > 0, this equation implies M; = 0 if and only if 3; = 0. Conditional

on 31 = 0, the remaining steady-state moment equations reduce to

_ —1Do? _—
YA Gl Ay r=2,.

= STy (a_%§162) 2, ST

Starting from My = 1 and M, = 0, this recursion gives zero for every odd moment and
gives equation (36) for the even moments. These moments are uniquely determined.

Finally, setting 5, = 0 in the steady-state equation for 3; gives
O - 90 + Z QTMT.
r=1

The odd moments vanish, so this condition is equivalent to equation (37). O

Proof. (of Proposition 23) Let b = a — v5'#2 > 0. Equations equation (38) and

equation (39) can then be written as

%31() (p+b)Bu(t +ZeM

— o~ — — o2 ~
%Mr(t) = ryg" M,_1B1(t) — rbM,(t) + qu_Q(t), r=1,...,7,

where ]\%(t} = 0. At the zero-mean invariant distribution,

2

M, =0 for odd r, M, = (r — 1) 5 M,_o for even r.

Permute the coordinates so that the even moments precede Bl and the odd mo-

12



ments. In this ordering the coefficient matrix is block lower triangular. The block
for (]\/ZZ, ]\74, . ]\/Z,:)’ is lower triangular because M,_; = 0 for even r. Its diagonal

entries are —2b, —4b, ..., —rb, and therefore its characteristic polynomial is

H (A +7D). (55)

2<r<r
r even

This also shows directly that the path of the even moment deviations is independent
of the interaction coefficients and of the initial odd moment deviations.

The remaining block corresponds to (Bl, ]\/4\1, ]\/4\3, ceey ]\//Tf_l)’. Its lower-right part
is lower triangular with diagonal entries —b, —3b,..., —(7 — 1)b. To evaluate the
Schur complement, solve the associated lower-triangular system with right-hand side

v M,_; in the row for the odd moment r. The component in that row is

7,73?1]\7[7‘71

=13,...,7—1. 56
A‘+'b ’ r ) 7T ( )

For r = 1 the expression follows immediately. If it holds for » — 2, substitution in the

row for r gives

—1y; 2 —1y
ryg My—1w  r(r—1)0% (r —2)y5 M,_3
A+7b —
A= 2 A+b
_ T’Yger,l

A+b

A+ 76— (r —1)b] = ry5" M,_y,

where the stationary-moment recursion was used. This proves equation (56) by in-
duction.

Using the definition

Sy

= Z erflera

1<r<f—1
r od

the Schur complement gives the characteristic polynomial of this block:

[T A +rb) [N = pA—b(p+b) —75'0]. (57)
3§r§£’d—1

The calculation is first valid away from the finite set at which the lower-right block

is singular. Since both sides are polynomials in A, the identity holds for all \.

13



Combining equation (55) and equation (57) gives
det(A] — 7€) = [\ — pA —b(p+b) — 75'0] [ (A + rb).
r=2

It follows that XT = —rb for r = 2,...,7, while the remaining two roots are

E (B >2 17
2?\/ 2—|—b + 5 0.

The scalar Riccati equation for 3, implies

13 p P\Z
73152—a=§—\/<a+§> +75'4,

2
g+b:\/<a+g> + 751

Substitution gives the eigenvalues stated in the proposition. The condition ¢ + 6 +

and therefore

vpa(a + p) > 0 makes the lower exceptional root negative and the upper exceptional

root positive. The maintained condition b > 0 makes all remaining roots negative. [J

E Uniqueness of the Steady State.

The Riccati representation can equivalently be written as the state—costate system

PX
X

PX
X

d

dt

an—i-A, Q+@X
D —A

At a steady state, the second row implies DPX = AX. When D is invertible, this
gives PX = D7'AX. Substitution into the first row gives

[@+Ox+AD A+ pD Al X = 0.
Thus, a nonzero steady state requires

det (Q +Ox + AD'A+ pD 'A) = 0.

14



Since this determinant is a nonzero polynomial in ) and ©x, this condition fails

generically. Hence, generically, X = 0 is the unique steady state.

Scalar Case for P = p. In the scalar case, the Riccati equation is

b2

Dp* = q+0x + (p+ 2a)p, D= :
' =q+0x+ (p+2a)p 0

The admissible root is

p+2a—+/(p+2a)?+4D(q + 0x)
b= 2D

Since A = Dp — a, the lower root gives the aggregate eigenvalue reported in the

main text. The condition A < p/2 is equivalent to

P\? 7 +0a

q+9x+<a+§> 12 > 0,
while stability, A < 0, is equivalent to
+0
q+0X—|—a(a+p)7 = 2 >0.

Together, these two thresholds generate the four regions described in the main text,
distinguishing a stable equilibrium, the boundary case A\ = 0, an equilibrium with
0 < A < p/2, and nonexistence.

F Proofs: Multiproduct Price Setting Example

In some of the calculations that follow we will denote the ideal price index a(P) simply
as A = a(P), and we define a profit function accordingly, i.e. Let’s denote the profits

as:

T(p, P) = n(p, a(P)) where m(p, A) = En:(pj — 2))wyd (P_a) D (@ )

15



The derivative of m with respect to p; is given by:

) [ (2) 0 (5) B (B () 4] 2

+ (i — zi)wid’ <%> D <%>2+wid (,%) b (%>

which can be written as

aﬁé];,iA) ) D(a(]i)/A) (30— =y [ () 22— a () my ()] 2 3;

j=1

+ (pi — zi)wid —i> By wid <&> p,-)
a a

a

Proof. (of Proposition 1) The first order condition of this problem for price p; is

Inp.A) _ ) or

Op;
0= S [ ()0 (5) 2 +4)7 () 3]

+ (pi — zi)wid' (%) D (%)%—Fwid (%) D (&)

where a is evaluated at the vector p. We can rewrite this expression as:

- pi\ | ¢ (E)p  D'(%)a|pida
0= o wsd [ _ ) B a | pi
jzl(pj ZJ)WJ (a) [ d(%) a D(%) Al a op;
i d (B)p,
+ w;d (E) [(pZ 2i) d((p_i))%+pl
or
~ (= 2z)wid (3) | D'(5) a [ 7a 4+ —2 }
0= 2 T+ e | silp) + | T+
j=1 (pl - Zz>wzd (%) d D (Z) A d pl — 2z
or
n pJ*z35~(p) D/ (g) a
0— p; oy a) @ +{__+p,]
ol A TEY ] R




bj .

Defining p; = Py
n Pji—%j
Py s;j(p) [ - D'(%a ~
Hi = —— —TNd — o | T
2 D(3) 2
or
sj(p)
L D)
Hj — A =
Hi = —MNa — a + Na
j=1 ui [ D(Z> A
or
= i s;(p) i D'(%)a + 1
m1 M D (%) A i
or
Md < b —z | D,(%)a]
—=1=) si)=— [—nd— N
Hi 7j=1 ’ p] D (Z) A
so all the markups are the same, say i1 = p;/(p; — 2;)
7a 1| D(5)a
—=14- + —
P a|M D34
or
1D (2) a
0=1+-——74—
nD(5) A
or
o D(5)a
T T D(g) A

Using the definition of u; and A = a(P) we obtain the desired result.
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Proof. (of Proposition 3)

D(1)
1D

e NC L D) e vie
ofp) Y wip} ™ = P apyagpyom = 2
i=1 "
|

Proof. (of Proposition 4)
Let us rewrite the optimal price as pf = z;7(A, z) where A stands for A = a(P)
and where a(p) = r(A, z)a(z)

Np (T(sz) a?)
o (r(A,z)aE:)> -1

r(A, z) =

In what follows we suppress z and A as arguments of r and z as the argument of a.

Differentiating this expression with respect to A

) P Y
(o (1) — 17 U4 T
= i (T% nb (T%) [TAE — ri}
(nD (r%) - 1) (771) (7’%) — 1) D (r%) A A2
- mp (r§) [TAE—TE]
(TID (T%) — 1) np (T%) A 2
Then
i mp (%) LN iy (r2) ra
(77D (7’%> - 1) D (7‘%) A (7]D (T%) — 1) np (r%) A2
o (1
BN 72 0 I )
A nlD(Tl ra A2
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Or completing elasticities

1y (r 4
Ara  Tw(3)Dw(3)  ra
r B nb@% ra A
1 ra
T Go(2))w(rg) 4

Evaluating it at p = P = p we have ra/A = 1. Then

7,
Ara(A2) G

r(4,z) 1+ (ﬁpibl)ﬁz)

Using the chain rule:

Op;(p) _ _ 9r(A, z) Oa(p) a(p) Or(A,z) 1 da(p)

_ . — zir(A, -
oP, T 9A  op zr(4,2) r(A,z) 0A al(p) Op;
_ u _ _
_bi G Dl)ﬁD pj 9a(p)
S
Pi 14 82— a(p) Op;

uls

_ np—1)n _
:pilw’—;z’;’gj(p)

* Go-vo

Consistency Check: We use the expression derived in Proposition 4 for Op* /0P,

and the expressions derived in Propositions 5 and 6 for -2 W and to verify that

g;gp Op*/OP + C = 0. The best response p*(P) satisfies the ﬁrst—order condition

V,II (p*(P), P) = 0 identically in P. Differentiating in P; and using the chain rule,

9211 ap I . 9211(5,5) OP” _
Z opidpe 0P, opol, 0 M ey gp * ¢=0,

where C' = 0°I1/0p OP. We verify this identity directly at p = P = p using the closed

forms of Propositions 4, 5 and 6, without inverting 62; ((,ff )

19



np — 1
Recall, with g; = s;(p)/p; and k = ﬁdml :

D
P85 — D(1)a(p) [Coios—rdu ], Cy= D)) Rag, T =pieq,
Op;iOp, plZ ) J . g 8P] js
_ _ N Mp K . D
where vy =1+ 714 — —— ——~andc¢c= —— with K = ———.
X a1 Mo b 1+ K (o — 1)np
9211 ap/f;,

Contraction. Form (% ap*/é?P)ij D 3P,
j

ZD(l)a[Xgigk - ﬁéik%}ﬁk cgj=D(1)acy; [Xgizgkﬁk — K 5 Dil-
k k

s
Two elementary identities close it. First, gppr = _—kﬁk = Sk, SO > . GkPk = Y _p Sk = L.
Pk

Si _ Si
Second, — p; = 5 = ¢;. Hence
i i

Ol _ ) )
(apap Op /6P)ij =D(1)acg;[xgi—rg] = D) ac(x — k) gig;.
Therefore 2 )
* _ I PN/
(3pap 27 10P + €)= D) g e(x =)+ ﬁD]_

The scalar bracket vanishes. Compute k — x:

- ip—1 - - = —~ =2 _ = + 7
g (1 gy o) Bt
D Mo "p Np

On the other hand,

K i3 _ Mp/MD

C:1+K:ﬁD(ﬁD—1)+% k=X

=/

using the previous display. Hence ¢ (y — k) = — 72—D, and the bracket is
D

=/ —/
b _ by o _y,
D o 1D

Therefore %8])* J/OP + C = 0 at p = P = p, confirming that the Jacobian of
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Proposition 4 is consistent with the Hessian and cross-derivative of Propositions 6

and 5. O

Proof. (of Proposition 5)

O*(p,P)  0*n(p,a(P)) da(P)

at a value for p, given P for which On(p,a(P))/0p; = 0 for all j. Moreover, we are
interested in a particular type of P which we label p for which: o (p, a(p))/dp; =0

for all j. Thus, evaluated at a vector p for which the first order condition holds, we

have:
2 " .
Tt = (S () b (5) (25
Hence:
9 n
Tonan - ar = (s (%) ) e (3) (N5 ) e

Imposing that A = a(P) and that P = p gives

82%25 ﬁﬁ)) @51(3? _ D(a(;i)/A) (2::(@. — zj)w;d (a(;))> o (2; 8;;Z>> (a(lﬁ) 851%))

- D) (S0, (21)) o (B2 (1, 22)

Thus

GQH(p,p) _ —/ . — pj — T
—opop ~ PWip (; w;(pj — 2;)d (@» 9(p) 9(p)
where g(p) = (Sl(p)/pl, 32(17)/]92, cen ( )/pn)

where s(p) are the shares corresponding to the aggregator a, and 7, is the derivative
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of the elasticity evaluated at price one. Now we can use that

el B ) () 550
J J ) ﬁD_l ﬁD_l 7 'F]D—]_ J ’F]D ,’7/D_1

_.1
- ip
thus _ 1 _
Dj P
s =204 (o5 ) = et (55
Thus
821_[( ) le . Dj T
9p0P D 1),,_7—D 2. pjw;d (W)) 9(p) 9(p)
= D(1) 22a(p) g(5) olp)"

Proof. (of Proposition 6) Since A enters 7 only through D(a(p)/A), write 7(p, A) =

D (@) S(p) with

S i)

Let u, = pi/a, a,, = 0a/0p;, w; = pi/(pi — 2i), and write 5 = 74, g; = s;/p;. Because
d(u) = u=? and a is the CES index with the same elasticity 3, we have

5ia i@ Ba ds; 1—p
a, = —, w; d(u;) = , Apip. = —— Si(Sk—0ik ) = $; (0i—Sk).
o (1) pi PP pipk (31=0a) opr e (=)
Gradient. With © = a/A,
or . | Gy, _ p i g
5y, = D) R ST D@) S Sy =widlw) (1-0) + 572 S

where S, uses u;d'(u;) = —fd(u;) and ), wi(pr — 21)d (u) pr = —BaS.
Second derivative. Differentiating in py, with dx/0p, = a,, /A,
o?r
OpiOpx

= D(a) | oS + e s + B, 4 BUS, 4 S|, ()
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which we label terms (1)-(5).

Fized-point simplifications. At p = P we have x = 1, so D'/D = —fjp and
D"/D = 7% + 7jp — 7). By Proposition 1 the markup is common, u; = 7jp, hence
(pk — 2x)/px = 1/7p, and, exactly as in the proof of Proposition 5,

S = Zwk pk—zk Uk Zpkwkd Uk Zsk

Moreover the within-store gradient collapses to the aggregator gradient,

= <1_n%>+ﬁpzs_ pza_a”

Since also A = a, we have a,, /A = g; and S,, = ag;.
The five terms. Substituting S = a/np, Sp,, = ag;, the off-diagonal (i # k)
contributions to (x), each divided by the common factor D(1) a g;gx, are

D" S | 7,
D 22 (R i — i) — — 7y +1— 1D
(1) D (TID"‘UD UD)ﬁD Np + 7ip’
D’ 1
(2) : Soipe §f(—ﬁD)ﬁ_—:—ﬁ (the — 4, part is diagonal, treated below),
D agigr a
DS
4): 222 oLy — _9p
B)+ W) 25 7= 2(=) D,
B S B
5: 8(1- ) —pa-p2+p=28- L.
() B(1= 1) =60 =B +6=26-—

(The term-(5) line collects the three off-diagonal pieces of Sy, : from 9, [wid(u;)(1 —
B/ )], from Bp; 10, s; - S, and from Bg;S,,, using ds;/dpy, = %si(—sk) and S/a =
1/np.) Summing,

_ A’
(77D+1—Z—g>—B—QUD+(25—7—7%>:1+5—77D—£—77—DEX-
n n

Diagonal. The Kronecker pieces of (2) and (5) combine. The d;; part of (2)
contributes +d;; Daf s;/p?, the §;, parts of (5) from d,,(1—5/u;) = —Bz;/p? and from
the remaining diagonal terms of S, combine to —d;zDaf s;/p? — d;.Da z;s;/p3; the
first cancels the (2) piece, leaving only

—0i D Baz >

)
ER
7
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Hence

O*11(p, p) LSS s
Y pa S 5) 2
O:0pn (1) a(p) X O Ba(p) z p

Eliminating z;. As in Proposition 5, (p; —z;)/p; = 1/7p gives z;/p; = (ﬁD — 1)/77,3,
so Bazsi/p=Pa 7_”73]—;1 s;/p?. Therefore, with g(p) = (s1/p1,---,50/Pn) ",

% = D(1)a(p) x 9(P)g(P)" — Mla a(p) D(l)%n—;l diag<si]§§)>,

as claimed. =

Proof. (of Proposition 7) At the fixed point the two CES identities S =), wi(pi —
zk)d(pr/a) = a/ ﬁD and Sp; = Qp, reduce the five-term Hessian to the rank-one-plus-

diagonal form for ZIL; the cross matrix 215 a o5 = 02 ym-ap, evaluates to D (a/fp) 7 sisk/ (pipk)-

dpop a ;
Both share the common prefactor Dagg', so adding the rank-one loadings gives
)_( + ﬁlD/ﬁD =1+ ﬁd - 77D - ﬁd/ﬁDa which factors as —(ﬁD — 1)(77D — ﬁd)/ﬁD The

diagonal cost term comes from g g alone.

Lemma 1 Let 5 € R" satisfy Y . ;5 = 1 and 5, > 0 for all i, let 74 > 0, and let
v € R. Define

Q = v5s' + nadiag(s).
Then Q is positive definite if and only if v + g > 0.

Proof. For any = € R”, the quadratic form associated with Q is
r'Qr = v(s'z)? + 74 Z 5,27, (58)
i=1
Sufficiency. Suppose v+ijy > 0 and take any = # 0. First note that Y ;' | s;27 > 0,
since §; > 0 for all 7 and x? > 0 for at least one 7. If v > 0, both terms in equation (58)

are nonnegative and the second is strictly positive, so 2" Qx > 0. Suppose instead

v < 0. Writing 3;2; = 1/5; - v/5; x; and applying the Cauchy-Schwarz inequality,

(L) < (Do) (L) - Lat o
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where the last equality uses » . ; 5, = 1. Since v < 0, multiplying equation (59) by

v reverses the inequality, and substituting into equation (58) gives
n n n
' Qr > yZEixf + ﬁdzaxf = (v+1a) Zézxf > 0.
i=1 i=1 i=1

Hence 2"Qx > 0 for all  # 0, i.e. Q is positive definite.
Necessity. Suppose v + 13 < 0. Evaluate the quadratic form at = 1 =

(1,...,1)T #£0. Since 5'1=>",5 =1,

].TQI = V(§T1)2+ﬁd25i =v+n <0,
=1

so @ is not positive definite. This proves the claim. m

Proof. (of Proposition 8) The proof uses that by definition of I,z and X we have:

oI (0,0) O (p,p) .. /.
I(p, p) 8(55 ) a(]; ) dmg(m)

9211 (0,0 C / N\NOTL(B,p) .. /- . (_Ol(p,p
I(p,p) Q@ = —# = - dl%(%)# dlag(?i) — diag (pz—a(ip))
. (N\OPIL(B,p) .
= ding(7) 5,5, ()
. 0*T0(0,0) (NI (p,p) . (-
W(p.p)© = =5 o = —ding(pr) =5 2 ding(7:)

where the expression for () uses that the gradient vanishes due to the first order
conditions. Using the expressions in Propositions 6 and 7 for the matrices of second
derivatives of II, and of g we obtain the desired results for the expressions.
For the positive definiteness of () and () + © we use Lemma 1 as well as the
p
Mp—1
> (), which under the assumption that np > 1

maintained assumptions that 1, > 0 and that np > 1. For Q) set v = np — g +
U
Mp—1 -
is equivalent to the condition in the proposition. Again using that 7p > 1, @ and @

so v—+1y > 0 is equivalent to 7jp +

are proportional to each other. For () + © note that v = fp — 1)y so v + 14 > 0 is the
same as 7p > 0. Thus, using again that f7p > 1, we have that @) + © is proportional

to Q
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G Forcing Processes

This appendix considers the extension in which part of the state is outside the agent’s

control. We retain the state-coupling formulation and set © 7 = 0. Write

ey) N
r = , n =mny + na,
e 1 2

where (1) contains the endogenous states and z(? contains the forcing processes. The

latter are autonomous and cannot be affected by either () or the action. We impose

All A12
Onzxnl 4422

B,

Onzxk

A: s B:

Thus £? can affect (M through A;s, but its own law of motion is exogenous.

Partition the state curvature and interaction matrices as

Qll Q12
- , O, —
< [Qm CHJ *

Ox11 Ox 2
Ox21 01y,

The scalars ¢ and 6 do not affect the policy for the endogenous state except through
the continuation value associated with the forcing process. They can be chosen suffi-
ciently large to make ) and @) + Ox positive definite whenever Q)11 and Q11 + Ox 11
are positive definite.

The two Riccati equations are

BoBT ' B'By = Q + pBy + BoA + A'Ba, (60)
PBI'B'P=Q+0Ox +pP+PA+ AP (61)

Because BI'"! B’ is singular, the full equations are no longer standard full-rank Riccati

equations. Their block structure is nevertheless recursive.

PROPOSITION 24. Suppose B;I'"!Bj is positive definite, Q11 = 0, Q11 + Ox11 > 0,
and the eigenvalues of — Ay have real parts below p/2. Choose ¢ and 6 so that Q = 0
and @ + ©x > 0. Then equation (60) and equation (61) have unique admissible
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symmetric solutions. Their upper-left blocks solve

62,113111713162,11 = Qu + 052,11 + 52,111411 + A/11BZ,11>
PnBlF*lBiPn = Qu +Ox 11+ pPi1 + Pi1An + A} Pia.

The eigenvalues of the aggregate closed-loop matrix are the n; eigenvalues of
BI''B{P;; — A

and the ny eigenvalues of —Ags.

The proposition allows the benchmark results to be applied to the endogenous
block. In particular, the full-rank requirement is imposed on B;T'"!B}, and the
effective-curvature condition is imposed on Q)11 +©x 11. The forcing block contributes
its own autonomous eigenvalues but does not alter the Riccati equation governing the

endogenous block.

Proof. (of Proposition 24) Let Z and W be symmetric matrices partitioned con-

formably with the state, and consider

ZBU'B'Z =ZA+ AZ+pZ + W,

where ~ _
ol Ay A
0 Ayl
Set Ry = B;I'"'B]. Since
prip — |0
0 )

the quadratic term is

leRIZII leRIZIQ
Z21R1Z11 ZZIR1212

ZBT'B'Z =

Matching blocks gives, first,

iz, = ann + g/nZn + pZi + Wi
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This is an n;-dimensional Riccati equation. Once Z;; has been found, the upper-right

block solves the linear matrix equation
ZuRiZis = ZyyAro + ZiaAsy + 11,11212 + pZia + Wia.
Symmetry gives Zo; = Z{,. The lower-right block then solves the Lyapunov equation
Zoy R Zyy = Zoy Ara + lezzm + ZagAsy + Ay Zos + pZay + Wos.

Thus the blocks are obtained recursively: a Riccati equation for Zj;, followed by
linear equations for Zi5 and Zas.

For Z = f3, takeg:AandW:Q. For Z = P, takeﬁ:AandW:QqL@X.
The assumptions on Ry, 11, and Q)11 + ©Ox 11 give the unique stabilizing solutions of
the two upper-left Riccati equations. The condition on Ay makes the linear equations
for the remaining blocks nonsingular and ensures that the forcing modes satisfy the
admissibility restriction. This proves existence and uniqueness of the full symmetric
solutions.

Finally,

RiPyy— A RiPra — Ay
0 — Az

BI'B'P— A=

The matrix is block upper triangular, so its characteristic polynomial is the product
of the characteristic polynomials of the two diagonal blocks. This gives the eigenvalue

decomposition stated in the proposition. ([l

H Riccati Equations: MFG vs the Linear Regula-

tor

The algebraic Riccati equation for a standard infinite-horizon regulator can be written
as
0=Q+A'X+XA - XBB'X,
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where the stabilizing solution makes A — BB'X stable. When B(T' + © 7) 'B’ is
positive semi-definite, the MFG equation equation (16) is obtained by setting

Q=Q+0Oy, A=_-A- g[n, BB = [BI+6,)'B], X=-P
Indeed, substitution gives
0=Q+Ox+pP+PA+A'P—-P[BI+6,)"'B]|P

A Riccati solution X = — P is stabilizing if and only if the eigenvalues of [B(I" + © 7) "' B'| P—
A have real parts below p/2. The single-agent equation (12) has the same correspon-
dence with [B(T + ©7) ' B’] replaced by BT !B’ and Q + ©x replaced by Q.

This mapping also makes transparent the role of the interaction matrices. The
state interaction changes the regulator’s state curvature from @) to @) + ©x. The
action interaction changes its control matrix from BT !B’ to B(I' + © ) ' B’. Thus,
both interactions enter the MFG Riccati equation through objects that have direct

analogues in the single-agent regulator.
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